of the shell is greater than 1/10 of the 
diameter of the shell, then it is said to 
be a thick shell. Thin shells are used 
in boilers, tanks and pipes, whereas 
thick shells are used in high pressure 
cylinders, tanks, gun barrels etc. 
Note: Another criterion to classify the 
pressure vessels as thin shell or thick shell 
is the internal fluid pressure (p) and the 
allowable stress (o). If the internal fluid 
pressure (p) is less than 1/6 of the allowable 
stress, then it is called a thin shell. On the 
other hand, if the internal fluid pressure is 
greater than 1/6 of the allowable stress, then 
it is said to be a thick shell. 


2. According to the end 
construction. The pressure vessels, 
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Pressure vessels. 


according to the end construction, may be classified as open end or closed end. A simple cylinder 
with a piston, such as cylinder of a press is an example of an open end vessel, whereas a tank is an 
example of a closed end vessel. In case of vessels having open ends, the circumferential or hoop 
stresses are induced by the fluid pressure, whereas in case of closed ends, longitudinal stresses in 
addition to circumferential stresses are induced. 


7.3 Stresses in a Thin Cylindrical Shell due to an Internal Pressure 


The analysis of stresses induced in a thin cylindrical shell are made on the following 


assumptions: 


1. The effect of curvature of the cylinder wall is neglected. 


2. The tensile stresses are uniformly distributed over the section of the walls. 


3. Theeffectofthe restraining action of the heads at the end of the pressure vessel is neglected. 


(a) Failure of a cylindrical shell 


(b) Failure of a cylindrical shell 


along the longitudinal section. along the transverse section. 


Fig. 7.1. Failure of a cylindrical shell. 
When a thin cylindrical shell is subjected to an internal pressure, it is likely to fail in the following 


two ways: 


1. It may fail along the longitudinal section (i.e. circumferentially) splitting the cylinder into 
two troughs, as shown in Fig. 7.1 (a). 


2. It may fail across the transverse section (i.e. longitudinally) splitting the cylinder into two 
cylindrical shells, as shown in Fig. 7.1 (b). 
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Thus the wall of a cylindrical shell subjected to an internal pressure has to withstand tensile 
stresses of the following two types: 

(a) Circumferential or hoop stress, and (b) Longitudinal stress. 

These stresses are discussed, in detail, in the following articles. 


7.4 Circumferential or Hoop Stress 


Consider a thin cylindrical shell subjected to an internal pressure as shown in Fig. 7.2 (a) and 

(b). A tensile stress acting in a direction tangential to the circumference is called circumferential or 

hoop stress. In other words, it is a tensile stress on *longitudinal section (or on the cylindrical walls). 
N 


ZZ ee] 


(a) View of shell. (b) Cross-section of shell. 


Fig. 7.2. Circumferential or hoop stress. 
Let p = Intensity of internal pressure, 
d = Internal diameter of the cylindrical shell, 
l = Length of the cylindrical shell, 
t = Thickness of the cylindrical shell, and 
0, = Circumferential or hoop stress for the material of the 
cylindrical shell. 
We know that the total force acting on a longitudinal section (i.e. along the diameter X-X) of the 
shell 
= Intensity of pressure x Projected area = px d x l i) 
and the total resisting force acting on the cylinder walls 
=0,, x 2tx! (7 of two sections) ... (ii) 
From equations (i) and (ii), we have 


„xd uu ysi ag 


o,x2txl-pxdxl = 
n p or Oy 2r 20, 


The following points may be noted: 
1. Inthe design of engine cylinders, a value of 6 mm to 12 mm is added in equation (iii) to 
permit reboring after wear has taken place. Therefore 


t= Bes Sie mm 


95 
2. Inconstructing large pressure vessels like steam boilers, riveted joints or welded joints are 
used in joining together the ends of steel plates. In case of riveted joints, the wall thickness 
of the cylinder, 
EI. 
204% 1) 
where n, = Efficiency of the longitudinal riveted joint. 


*  Asection cut from a cylinder by a plane that contains the axis is called longitudinal section. 
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3. Incase of cylinders of ductile material, the value of circumferential stress (0,,) may be taken 
0.8 times the yield point stress (©) and for brittle materials, o,, may be taken as 0.125 times 
the ultimate tensile stress (o, ). 

4. In designing steam boilers, the wall thickness calculated by the above equation may be 
compared with the minimum plate thickness as provided in boiler code as given in the 
following table. 


Table 7.1. Minimum plate thickness for steam boilers. 


Boiler diameter Minimum plate thickness (t) 
0.9 m or less 6 mm 
Above 0.9 m and upto 1.35 m 7.5 mm 
Above 1.35 m and upto 1.8 m 9 mm 
Over 1.8 m 12 mm 


Note: If the calculated value of tis less than the code requirement, then the latter should be taken, otherwise the 
calculated value may be used. 

The boiler code also provides that the factor of safety shall be at least 5 and the steel of the 
plates and rivets shall have as a minimum the following ultimate stresses. 


Tensile stress, o, = 385 MPa 
Compressive stress, ©, = 665 MPa 
Shear stress, t = 308 MPa 


7.5 Longitudinal Stress 


Consider a closed thin cylindrical shell subjected to an internal pressure as shown in Fig. 7.3 (a) 
and (b). A tensile stress acting in the direction of the axis is called longitudinal stress. In other words, 
it is a tensile stress acting on the *transverse or circumferential section Y-Y (or on the ends of the 
vessel). 

Y 


<S JE 


(a) View of shell. (b) Cross-section of shell. 


Fig. 7.3. Longitudinal stress. 


Let o, = Longitudinal stress. 
In this case, the total force acting on the transverse section (i.e. along Y-Y) 
= Intensity of pressure x Cross-sectional area 


_ Tn 2 " 
= px 4 (d) ...() 


and total resisting force -0,xmTd. (ii) 


* A section cut from a cylinder by a plane at right angles to the axis of the cylinder is called transverse 


section. 
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From equations (i) and (ii), we have 
T 
Opx ndt = px (dy 
P x d or t= 


4t 40, 
If n, is the efficiency of the circumferential joint, then 


95 ~ 


||. pxd 
7 402X Ne 


From above we see that the longitudinal stress is half of the circumferential or hoop stress. 
Therefore, the design of a pressure vessel must be based on the maximum stress i.e. hoop stress. 

Example 7.1. A thin cylindrical pressure vessel of 1.2 m diameter generates steam at a 
pressure of 1.75 N/mm?. Find the minimum wall thickness, if (a) the longitudinal stress does not 
exceed 28 MPa; and (b) the circumferential stress does not exceed 42 MPa. 


Cylinders and tanks are used to store fluids under pressure. 


Solution. Given : d = 1.2 m = 1200 mm; p = 1.75 N/mm’; o,, = 28 MPa = 28 N/mm’; 
c, = 42 MPa = 42 N/mm? 


(a) When longitudinal stress (G,,) does not exceed 28 MPa 
We know that minimum wall thickness, 
p.d  1.75x1200 
t= 4o, 4x28 
(b) When circumferential stress (O,,) does not exceed 42 MPa 
We know that minimum wall thickness, 


p.d  1.75x1200 
^ 26, 2x42 
Example 7.2. A thin cylindrical pressure vessel of 500 mm diameter is subjected to an internal 
pressure of 2 N/mm). If the thickness of the vessel is 20 mm, find the hoop stress, longitudinal stress 
and the maximum shear stress. 


= 18.75 say 20 mm Ans. 


— 25 mm Ans. 


t 


Solution. Given : d = 500 mm ; p = 2 N/mm? ; t = 20 mm 
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Hoop stress 
We know that hoop stress, 
o, = 22 = 2X300 _ 95 N/mm? = 25 MPa Ans. 
2t 2x20 
Longitudinal stress 


We know that longitudinal stress, 


c | p.d _ 2x500 
2 4t 4x 20 


= 12.5 N/mm? = 12.5 MPa Ans. 


Maximum shear stress 


We know that according to maximum shear stress theory, the maximum shear stress is one-half 
the algebraic difference of the maximum and minimum principal stress. Since the maximum principal 


stress is the hoop stress (O) and minimum principal stress is the longitudinal stress (6,,), therefore 
maximum shear stress, 
Tnax = ou $e = = = = 6.25 N/mm? = 6.25 MPa Ans. 
Example 7.3. An hydraulic control for a straight line motion, as shown in Fig. 7.4, utilises a 
spherical pressure tank ‘A’ connected to a working cylinder B. The pump maintains a pressure of 
3 N/mm’ in the tank. 


1. If the diameter of pressure tank is 800 mm, determine its thickness for 100% efficiency of 
the joint. Assume the allowable tensile stress as 50 MPa. 


Pressure tank 


Working cylinder 
Fig. 7.4 


2. Determine the diameter of a cast iron cylinder and its thickness to produce an operating 
force F = 25 kN. Assume (i) an allowance of 10 per cent of operating force F for friction in the 
cylinder and packing, and (ii) a pressure drop of 0.2 N/mm? between the tank and cylinder. Take safe 
stress for cast iron as 30 MPa. 


3. Determine the power output of the cylinder, if the stroke of the piston is 450 mm and the time 
required for the working stroke is 5 seconds. 


4. Find the power of the motor, if the working cycle repeats after every 30 seconds and the 
efficiency of the hydraulic control is 80 percent and that of pump 60 percent. 


Solution. Given : p = 3 N/mm? ; d = 800 mm ; n = 100% = 1; o,, = 50 MPa = 50 N/mm’; 
F = 25 KN 225 x IN ; o, = 30 MPa = 30 N/mm? : Ny = 80% = 0.8 ; Np = 60% = 0.6 
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1. Thickness of pressure tank 
We know that thickness of pressure tank, 


p.d | 3x800 


- 204,.] 2x50x1 
2. Diameter and thickness of cylinder 


— 24 mm Ans. 


Let D = Diameter of cylinder, and 
t, = Thickness of cylinder. 


Since an allowance of 10 per cent of operating force F is provided for friction in the cylinder 
and packing, therefore total force to be produced by friction, 


10 
F,-F*iggF- L1 F-L1x25x10 -27500N 


Jacketed pressure vessel. 


We know that there is a pressure drop of 0.2 N/mm? between the tank and cylinder, therefore 
pressure in the cylinder, 


D, = Pressure in tank — Pressure drop = 3 — 0.2 = 2.8 N/mm? 
and total force produced by friction (F), 


T 
27 500 = 7 x Dx p, = 0.7854 x D? x 2.8 = 2.2 D? 


A D? = 27500/2.2=12500 or D = 112 mm Ans. 
We know that thickness of cylinder, 


pi. D _ 28x112 


t= = 5.2 mm Ans. 
2 Ov 2 x 30 
3. Power output of the cylinder 
We know that stroke of the piston 
= 450 mm = 0.45 m ...(Given) 
and time required for working stroke 
EDS ...(Given) 
.. Distance moved by the piston per second 
= = = 0.09 m 
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We know that work done per second 
= Force x Distance moved per second 
= 27 500 x 0.09 = 2475 N-m 
-. Power output of the cylinder 
= 2475 W = 2475 kW Ans. Co 1 N-m/s = 1 W) 
4. Power of the motor 


Since the working cycle repeats after every 30 seconds, therefore the power which is to be 
produced by the cylinder in 5 seconds is to be provided by the motor in 30 seconds. 


-. Power of the motor 


.. Power of the cylinder "TN 2.475 VENE TT. kW Ans. 
Ny X Np 30 08x06 30 


7.6 Change in Dimensions of a Thin Cylindrical Shell due to an Internal 
Pressure 


When a thin cylindrical shell is subjected to an internal pressure, there will be an increase in the 
diameter as well as the length of the shell. 


Let l = Length of the cylindrical shell, 
d = Diameter of the cylindrical shell, 
t = Thickness of the cylindrical shell, 
p = Intensity of internal pressure, 
E = Young’s modulus for the material of the cylindrical shell, and 
u = Poisson’s ratio. 
The increase in diameter of the shell due to an internal pressure is given by, 


2 
èd = 24 (s -4) 
2t.E 2 


The increase in length of the shell due to an internal pressure is given by, 


pai? } 
l= = |>- 
d 2LE A2 * 


It may be noted that the increase in diameter and length of the shell will also increase its volume. 
The increase in volume of the shell due to an internal pressure is given by 


l " n A To 
dV = Final volume - Original volume = 4 (d+ 8d)? (1 + 61) - z x d*.l 


T 
=7 (d7.61+ 2 d.L.6d ) ...(Neglecting small quantities) 


Example 7.4. Find the thickness for a tube of internal diameter 100 mm subjected to an internal 
pressure which is 5/8 of the value of the maximum permissible circumferential stress. Also find the 
increase in internal diameter of such a tube when the internal pressure is 90 N/mm?. 
Take E = 205 kN/mm? and u = 0.29. Neglect longitudinal strain. 


Solution. Given : p = 5/8 x ©, = 0.625 6,,; d= 100 mm; p, = 90 N/mm’; E = 205 kN/mm? 
= 205 x 10? N/mm? ; u = 0.29 


Thickness of a tube 

We know that thickness of a tube, 
p.d _ 0.625 6,,x 100 
20, 20, 


t= = 31.25 mm Ans. 
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Increase in diameter of a tube 
We know that increase in diameter of a tube, 


2 2 
Sy Ne ( -kj E 90 (100) [ 7 = — 
2tE 2/ 2x3125x205x10 2 


= 0.07 (1 — 0.145) = 0.06 mm Ans. 


7.7 Thin Spherical Shells Subjected to an Internal Pressure 
Consider a thin spherical shell subjected to an internal pressure as shown in Fig. 7.5. 
Let V = Storage capacity of the shell, 
p = Intensity of internal pressure, 
d = Diameter of the shell, 
t = Thickness of the shell, 


o, = Permissible tensile stress for the 
shell material. 


In designing thin spherical shells, we have to determine 
1. Diameter of the shell, and 2. Thickness of the shell. 

1. Diameter of the shell Fig. 7.5. Thin spherical shell. 
We know that the storage capacity of the shell, 


4 " 6 y 
ens Suc m 3 dll 
3 XTT g %4 or (=) 


2. Thickness of the shell 


As a result of the internal pressure, the shell is likely to rupture along the centre of the sphere. 
Therefore force tending to rupture the shell along the centre of the sphere or bursting force, 


T 
= Pressure x Area = p X 4% d? ...(i) 


and resisting force of the shell 
= Stress x Resisting area = o, x T d.t ... (ii) 
Equating equations (i) and (ii), we have 


tAn 
or 
40, 


If 1 is the efficiency of the circumferential 

joints of the spherical shell, then 
__pad 
40,.N 

Example 7.5. A spherical vessel 3 metre 
diameter is subjected to an internal pressure of 
1.5 N/mm’. Find the thickness of the vessel required The Trans-Alaska Pipeline carries crude oil 1, 284 
if the maximum stress is not to exceed 90 MPa. Take RIG Hee IUOS Aska. INS PIROG Wet 

: no metres in diameter and can transport 318 million 
efficiency of the joint as 75%. litres of crude oil a day. 

Solution. Given: d = 3 m = 3000 mm; 
p = 1.5 N/mm’; o, = 90 MPa = 90 N/mm? ; n = 75% = 0.75 
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We know that thickness of the vessel, 


AE NE a = 16.7 say 18 mm Ans. 
40,1 4x90x0.75 


7.8 Change in Dimensions of a Thin Spherical Shell due to an Internal 


Pressure 
Consider a thin spherical shell subjected to an internal pressure as shown in Fig. 7.5. 
Let d = Diameter of the spherical shell, 


t = Thickness of the spherical shell, 
p= Intensity of internal pressure, 
E = Young's modulus for the material of the spherical shell, and 
u = Poisson's ratio. 
Increase in diameter of the spherical shell due to an internal pressure is given by, 


pd? : 
1- - 
2 a-p G) 


and increase in volume of the spherical shell due to an internal pressure is given by, 


ôd = 


T T 
dV = Final volume - Original volume = B (d+ ôd}? — 6 * d? 


T 
= 5 (3d? x 8d) ... (Neglecting higher terms) 


Substituting the value of dd from equation (i), we have 


3nd?| pd? T pd’ 
dá 6 É LE ; | 8t.E Co 

Example 7.6. A seamless spherical shell, 900 mm in diameter and 10 mm thick is being filled 
with a fluid under pressure until its volume increases by 150 x 10? mm’. Calculate the pressure 
exerted by the fluid on the shell, taking modulus of elasticity for the material of the shell as 
200 kN/mm? and Poisson's ratio as 0.3. 

Solution. Given : d = 900 mm; t = 10 mm; 6V = 150 x 10? mn? ; E = 200 kN/mm? 
= 200 x 10? N/mm? ; u = 0.3 


Let p = Pressure exerted by the fluid on the shell. 


We know that the increase in volume of the spherical shell (OV), 
nm pd’ x p (900)* 

8rE (0-7 gxiox200x10 C. 
150 x 103/90 190 = 1.66 N/mm? Ans. 


150 x 10? 


— 0.3) = 90 190 p 


p 
7.9 Thick Cylindrical Shells Subjected to an Internal Pressure 


When a cylindrical shell of a pressure vessel, hydraulic cylinder, gunbarrel and a pipe is subjected 
to a very high internal fluid pressure, then the walls of the cylinder must be made extremely heavy or 
thick. 


In thin cylindrical shells, we have assumed that the tensile stresses are uniformly distributed 
over the section of the walls. But in the case of thick wall cylinders as shown in Fig. 7.6 (a), the stress 
over the section of the walls cannot be assumed to be uniformly distributed. They develop both 
tangential and radial stresses with values which are dependent upon the radius of the element under 
consideration. The distribution of stress in a thick cylindrical shell is shown in Fig. 7.6 (b) and (c). We 
see that the tangential stress is maximum at the inner surface and minimum at the outer surface of the 
shell. The radial stress is maximum at the inner surface and zero at the outer surface of the shell. 
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In the design of thick cylindrical shells, the following equations are mostly used: 
1. Lame’s equation; 2. Birnie’s equation; 3. Clavarino’s equation; and 4. Barlow’s equation. 


The use of these equations depends upon the type of material used and the end construction. 


(a) Thick cylindrical shell. (b) Tangential stress distribution. (c) Radial stress distribution. 
Fig. 7.6. Stress distribution in thick cylindrical shells subjected to internal pressure. 
Let r, = Outer radius of cylindrical shell, 
r, = Inner radius of cylindrical shell, 
t = Thickness of cylindrical shell = ri—ls 
p = Intensity of internal pressure, 
u = Poisson’s ratio, 
©, = Tangential stress, and 
o, = Radial stress. 
All the above mentioned equations are now discussed, in detail, as below: 
1. Lame’s equation. Assuming that the longitudinal fibres of the cylindrical shell are equally 
strained, Lame has shown that the tangential stress at any radius x is, 
sou RU =P A | Pi - Po l 


i P- x o Dey 


While designing a tanker, the pressure added by movement of the vehicle also should be 
considered. 
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and radial stress at any radius x, 


oO 


r 


_ PUY = p — GY GY | Pi- Po l 

(5 - Gy e LG -6* 

Since we are concerned with the internal pressure ( p; — p) only, therefore substituting the value 
of external pressure, p, = 0. 

-. Tangential stress at any radius x, 


p Gy (nj 
t 1+ [^] ° 
t (n, — (Y? i E | ...(i) 
and radial stress at any radius x, 
p(y |. GY r 
(ii) 
-aL x» J 


We see that the tangential stress is always a tensile stress whereas the radial stress is a compressive 
stress. We know that the tangential stress is maximum at the inner surface of the shell (i.e. when 
x = r,) and itis minimum at the outer surface of the shell (i.e. when x = r,,). Substituting the value of 
x= rand x =r, in equation (i), we find that the “maximum tangential stress at the inner surface of the 
shell, 


t(max) ^. 2 2 
pur - (r) 
and minimum tangential stress at the outer surface of the shell, 
2 
__2P (%) 
tmin) = —— 3 3 
pur es 


We also know that the radial stress is maximum at the inner surface of the shell and zero at the 
outer surface of the shell. Substituting the value of x = r, and x = r, in equation (ii), we find that 
maximum radial stress at the inner surface of the shell, 


O (max) = — p (compressive) 
and minimum radial stress at the outer surface of the shell, 
o 0 


r(min) = 

In designing a thick cylindrical shell of brittle material (e.g. cast iron, hard steel and cast 
aluminium) with closed or open ends and in accordance with the maximum normal stress theory 
failure, the tangential stress induced in the cylinder wall, 


_ plo + GY 
t(max) — (nX»-oG 
Since r, = r,+ t, therefore substituting this value of r, in the above expression, we get 
c,  Plei* 0^ * 0] 
(t 1)? - GY 
o, (r, * pr o, (a - pr typ ry? 
(7, +t” (o,- p) = (7)? (o, +p) 
(r,+ t)? _ 6,+ p 
(Q*  e€e-P 


0,20 


* The maximum tangential stress is always greater than the internal pressure acting on the shell. 
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Rt O,t p jut 0,+ p 
MEF 5 LEN 
h o,- p li o,- p 
Gd 
Ee [e d o ieu E 
li © =P O= P 


The value of 6, for brittle materials may be taken as 0.125 times the ultimate tensile 
strength (6, ). 

We have discussed above the design of a thick cylindrical shell of brittle materials. In case of 
cylinders made of ductile material, Lame’s equation is modified according to maximum shear stress 
theory. 

According to this theory, the maximum shear stress at any point in a strained body is equal to 
one-half the algebraic difference of the maximum and minimum principal stresses at that point. We 
know that for a thick cylindrical shell, 

Maximum principal stress at the inner surface, 


_ Pr) + GI 


t (max) ~ 2 2 
(5) — Gi) 
and minimum principal stress at the outer surface, 
O min) =—p 


-. Maximum shear stress, 
p * o1 
(5 - (n? 
2 
2p (n) 
2i) - G6] 


- (p) 


— Or(max) 7 Ormin) _ 
2 
_ plo * GY1* pl) - G1. 
2i)? - r] 
pto 
(n+)? - (4)? 
T(r, + t)? - T(r)? =p(r;+ t)? 
(rj + 0? (1 - p) 2 1(r* 


1—T7 


max 


eor mrt) 


or 


(UE r 
(o *-p 
nt T t T 
——— = or ]-—- 
ij T— p ij T-p 
t t T 
—- -1 or t=; =] ...(iv) 
I; T-p T-p 


The value of shear stress (T) is usually taken as one-half the tensile stress (o,). Therefore the 
above expression may be written as 
- 1 


i| 


From the above expression, we see that if the internal pressure ( p) is equal to or greater than 
the allowable working stress (©, or T), then no thickness of the cylinder wall will prevent failure. 
Thus, it is impossible to design a cylinder to withstand fluid pressure greater than the allowable 
working stress for a given material. This difficulty is overcome by using compound cylinders (See 


Art. 7.10). 


9, 


"C (v) 
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2. Birnie’s equation. In 
case of open-end cylinders (such 
as pump cylinders, rams, gun 
barrels etc.) made of ductile 
material (i.e. low carbon steel, 
brass, bronze, and aluminium 
alloys), the allowable stresses 
cannot be determined by means of 
maximum-stress theory of failure. 
In such cases, the maximum-strain 
theory is used. According to this 
theory, the failure occurs when the 
strain reaches a limiting value and 
Birnie’s equation for the wall 
thickness of a cylinder is 


p-r [Ae L, 
oœ-0+u) p 


The value of c, may be taken 
as 0.8 times the yield point stress 
(o,). 

3. Clavarino's equation. 
This equation is also based on the 
maximum-strain theory of failure, 


but it is applied to closed-end cyl- 
inders (or cylinders fitted with Oil is frequently transported by ships called tankers. The larger tank- 
ers, such as this Acrco Alaska oil transporter, are known as super- 
tankers. They can be hundreds of metres long. 


p=, | [t= we _, 
o- (+H) p 


In this case also, the value of o, may be taken as 0.8 6,. 


heads) made of ductile material. 
According to this equation, the 
thickness of a cylinder, 


4. Barlow's equation. This equation is generally used for high pressure oil and gas pipes. 
According to this equation, the thickness of a cylinder, 
t=p.r,/0, 
For ductile materials, o, = 0.8 o, and for brittle materials o, = 0.125 6,, where o, is the ultimate 
stress. : 


Example 7.7. A cast iron cylinder of internal diameter 200 mm and thickness 50 mm is 
subjected to a pressure of 5 N/mm?. Calculate the tangential and radial stresses at the inner, middle 
(radius = 125 mm) and outer surfaces. 


Solution. Given : d; = 200 mm or r,= 100 mm ; t= 50 mm; p = 5 N/mm? 
We know that outer radius of the cylinder, 
r, =r;+ t= 100 + 50 = 150 mm 
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Tangential stresses at the inner, middle and outer surfaces 
We know that the tangential stress at any radius x, 
2 2 
' (S = (4) x 
-. Tangential stress at the inner surface (i.e. when x =r, = 100 mm), 
_ pl)’ G1. 51050? + 000] 
t(inner) (Y (ay (150)? _ (100)? 
Tangential stress at the middle surface (i.e. when x 2 125 mm), 
50007 |, 450)" 
O (Gniddle) = 2 itt 2 
(150)* — (100) (125) 
and tangential stress at the outer surface (i.e. when x = r, = 150 mm), 
2p(n _ 2x5 (100)? 
O = 
t(outer) $298 _ Gy (150)? = (100)? 
Radial stresses at the inner, middle and outer surfaces 


= 13 N/mm? = 13 MPa Ans. 


| = 9.76 N/mm? = 9.76 MPa Ans. 


= 8 N/mm? = 8 MPa Ans. 


We know that the radial stress at any radius x, 


_ pGY f EC | 

SE ee a 

<. Radial stress at the inner surface (i.e. when x = r,;= 100 mm), 
Oane) = -P =- 5 N/mm? = 5 MPa (compressive) Ans. 


Radial stress at the middle surface (i.e. when x 2 125 mm) 


5 (100? (150)? 
NES qe 

r(middle) (l 50)? E a 00)? a 25)? 
1.76 MPa (compressive) Ans. 


| = - 1.76 N/mm? = — 1.76 MPa 


and radial stress at the outer surface (i.e. when x =r, = 150 mm), 
O outer) - 0 Ans. 


Example 7.8. A hydraulic press has a maximum 
capacity of 1000 kN. The piston diameter is 250 mm. 
Calculate the wall thickness if the cylinder is made of 
material for which the permissible strength may be 
taken as 80 MPa. This material may be assumed asa 
brittle material. 

Solution. Given : W = 1000 kN = 1000 x 10° N ; 
d 2 250 mm ; o, = 80 MPa = 80 N/mm? 

First of all, let us find the pressure inside the 
cylinder (p). We know that load on the hydraulic press 
(W), Hydraulic Press 


1000 x 10? 


T T 

n xd? x p= zi (250)? p = 49.1 x 10?p 
5 p = 1000 x 10?/49.1 x 10? = 20.37 N/mm? 
Let r, = Inside radius of the cylinder = 4/2 = 125 mm 
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We know that wall thickness of the cylinder, 


par, [B+P il-15) [80% 2037 ||. 
o- p 80 — 20.37 
= 125 (1.297 — 1) = 37 mm Ans. 


Example 7.9. A closed-ended cast iron cylinder of 200 mm inside diameter is to carry an 
internal pressure of 10 N/mm? with a permissible stress of 18 MPa. Determine the wall thickness by 
means of Lame’ s and the maximum shear stress equations. What result would you use? Give reason 
for your conclusion. 


Solution. Given : d; = 200 mm or r, = 100 mm ; p = 10 N/mm? ; o, = 18 MPa = 18 N/mm? 
According to Lame's equation, wall thickness of a cylinder, 


jege| OR geno |S en 
INS - p 80 — 10 


According to maximum shear stress equation, wall thickness of a cylinder, 


T 
zd | -1 
PES t-p | 


We have discussed in Art. 7.9 [equation (iv)], that the shear stress (T) is usually taken one-half 
the tensile stress (G,). In the present case, T= 0,/2- 18/229 N/mm”. Since 1 is less than the internal 
pressure ( p = 10 N/mm/?), therefore the expression under the square root will be negative. Thus no 
thickness can prevent failure of the cylinder. Hence it is impossible to design a cylinder to withstand 
fluid pressure greater than the allowable working stress for the given material. This difficulty is 
overcome by using compound cylinders as discussed in Art. 7.10. 


Thus, we shall use a cylinder of wall thickness, t= 87 mm Ans. 


Example 7.10. The cylinder of a portable hydraulic riveter is 220 mm in diameter. The pressure 
of the fluid is 14 N/mm? by gauge. Determine suitable thickness of the cylinder wall assuming that 
the maximum permissible tensile stress is not to exceed 105 MPa. 


Solution. Given : d; = 220 mm or r,= 110 mm; p = 14 N/mm? ; o, = 105 MPa = 105 N/mm? 
Since the pressure of the fluid is high, therefore thick cylinder equation is used. 


Assuming the material of the cylinder as steel, the thickness of the cylinder wall (f) may be 
obtained by using Birnie's equation. We know that 


[o+d-wp_, 
t= blaa owe 7 
o,- (1+) p 
- 110 105 + (1 — 0.3) 14 4 | 16 mm Ans: 
105 — (1 + 0.3) 14 


...(Taking Poisson’s ratio for steel, u = 0.3) 


Example 7.11. The hydraulic cylinder 400 mm bore operates at a maximum pressure of 
5 N/mm/. The piston rod is connected to the load and the cylinder to the frame through hinged joints. 
Design: 1. cylinder, 2. piston rod, 3. hinge pin, and 4. flat end cover. 


The allowable tensile stress for cast steel cylinder and end cover is 80 MPa and for piston rod 
is 60 MPa. 


Draw the hydraulic cylinder with piston, piston rod, end cover and O-ring. 
Solution. Given : d, = 400 mm or r, = 200 mm; p = 5 N/mm”; o, = 80 MPa = 80 N/mm’; 


6,, = 60 MPa = 60 N/mm? 
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1. Design of cylinder 


Let d, — Outer diameter of the cylinder. 
We know that thickness of cylinder, 


zl S22 al-z] Te =|] 
0,- p 80 
= 200 (1.06 - 1) = 12 mm Ans. 
-. Outer diameter of the cylinder, 
d, = d; 2t 2 400 2x 12 = 424 mm Ans. 

2. Design of piston rod 

Let d, = Diameter of the piston rod. 

We know that the force acting on the piston rod, 


T T 9 B 
=j (dy p= 4 (400)* 5 = 628 400 N (i) 


We also know that the force acting on the piston rod, 


=4 ug = Č (d 260 =47.13 (d2 N E 
4 V ocp 4 vp p 
From equations (i) and (ii), we have 
(d)? = 628 400/47.13 = 13 333.33 or d,= 115.5 say 116 mm Ans. 
3. Design of the hinge pin 
Let d, = Diameter of the hinge pin of the piston rod. 


Since the load on the pin is equal to the force acting on the piston rod, and the hinge pin is in 
double shear, therefore 


Uu 2 
Faxo (d,) t 


T 
628 400 22x Fi (d,)? 45 = 70.7 (d, ...(Taking t = 45 N/mm?) 


(d? = 628 400/70.7 = 8888.3 or d, — 94.3 say 95 mm Ans. 
When the cover is hinged to the cylinder, we can use two hinge pins only diametrically opposite 
to each other. Thus the diameter of the hinge pins for cover, 


d 95 
d, = T => =47.5 mm Ans. 
‘O' ring Socket head screw 


Cylinder 


ae - 


at  EENE.— 
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E end cower 


Cylinder head 
end cover 


Fig. 7.7 


Pressure Vessels = 241 


4. Design of the flat end cover 
Let t. = Thickness of the end cover. 
We know that force on the end cover, 
F-d;xt.xo, 
628 400 = 400 x t, x 802 32x 103 p 
i t, = 628 400/32 x 10? = 19.64 say 20 mm Ans. 
The hydraulic cylinder with piston, piston rod, end cover and O-ring is shown in Fig. 7.7. 


7.10 Compound Cylindrical Shells 


According to Lame's equation, the thickness of a cylindrical shell is given by 
l 


yl aR 
©,- p 


From this equation, we see that if the internal pressure 
(p) acting on the shell is equal to or greater than the allowable 
working stress (6,) for the material of the shell, then no thickness 
of the shell will prevent failure. Thus it is impossible to design 
a cylinder to withstand internal pressure equal to or greater Gites 
than the allowable working stress. cylinder 


Inner 
cylinder 


This difficulty is overcome by inducing an initial 
compressive stress on the wall of the cylindrical shell. This 
may be done by the following two methods: 

1. By using compound cylindrical shells, and 

2. By using the theory of plasticity. 

In a compound cylindrical shell, as shown in Fig. 7.8, 
the outer cylinder (having inside diameter smaller than the 
outside diameter of the inner cylinder) is shrunk fit over the inner cylinder by heating and cooling. On 
cooling, the contact pressure is developed at the junction of the two cylinders, which induces 
compressive tangential stress in the material of the inner cylinder and tensile tangential stress in the 
material of the outer cylinder. When the cylinder is loaded, the compressive stresses are first relieved 
and then tensile stresses are induced. Thus, a compound cylinder is effective in resisting higher 
internal pressure than a single cylinder with the same overall dimensions. The principle of compound 
cylinder is used in the design of gun tubes. 


Fig. 7.8. Compound cylindrical shell. 


In the theory of plasticity, a temporary high internal pressure is applied till the plastic stage is 
reached near the inside of the cylinder wall. This results in a residual compressive stress upon the 
removal of the internal pressure, thereby making the cylinder more effective to withstand a higher 
internal pressure. 


7.11 Stresses in Compound Cylindrical Shells 


Fig. 7.9 (a) shows acompound cylindrical shell assembled with a shrink fit. We have discussed 
in the previous article that when the outer cylinder is shrunk fit over the inner cylinder, a contact 
pressure (p) is developed at junction of the two cylinders (i.e. at radius r, ) as shown in Fig. 7.9 (b) 
and (c). The stresses resulting from this pressure may be easily determined by using Lame's equation. 


According to this equation (See Art. 7.9), the tangential stress at any radius x is 


„Ò 


A-ne GY GY | ai 
: (n o x i -r 
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1. Open belt drive. The open belt drive, as shown in Fig. 18.4, is used with shafts arranged 
parallel and rotating in the same direction. In this case, the driver A pulls the belt from one side (i.e. 
lower side RQ) and delivers it to the other side (i.e. upper side LM). Thus the tension in the lower side 
belt will be more than that in the upper side belt. The lower side belt (because of more tension) is 
known as tight side whereas the upper side belt (because of less tension) is known as slack side, as 


shown in Fig. 18.4. i 
= Slack side M 
e D 


IR 


Driver Driven 


Tight side 


Fig. 18.4. Open belt drive. 


2. Crossed or twist belt drive. The crossed or twist belt drive, as shown in Fig. 18.5, is used with 
shafts arranged parallel and rotating in the opposite directions. In this case, the driver pulls the belt 
from one side (i.e. RQ) and delivers it to the other side (i.e. LM). Thus, the tension in the belt RQ will 
be more than that in the belt LM. The belt RQ (because of more tension) is known as fight side, 
whereas the belt LM (because of less tension) is known as slack side, as shown in Fig. 18.5. 


Fig. 18.5. Crossed or twist belt drive. 


A little consideration will show that at a point where the belt crosses, it rubs against each other 
and there will be excessive wear and tear. In order to avoid this, the shafts should be placed at a 


maximum distance of 20 b, where b is the width of belt and the speed of the belt should be less than 
15 m/s. 


3. Quarter turn belt drive. The quarter turn belt drive (also known as right angle belt drive) as 
shown in Fig. 18.6 (a), is used with shafts arranged at right angles and rotating in one definite direction. 
In order to prevent the belt from leaving the pulley, the width of the face of the pulley should be 
greater or equal to 1.4 5, where b is width of belt. 
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In case the pulleys cannot be arranged as shown in Fig. 18.6 (a) or when the reversible motion 
is desired, then a quarter turn belt drive with a guide pulley, as shown in Fig. 18.6 (b), may be used. 


Driver 


D Driven 


Guide pulley 
-— — 


<— 


(a) Quarter turn belt drive. (b) Quarter turn belt drive with guide pulley. 
Fig. 18.6 
4. Belt drive with idler pulleys. A belt drive with an idler pulley (also known as jockey pulley 
drive) as shown in Fig. 18.7, is used with shafts arranged parallel and when an open belt drive can not 
be used due to small angle of contact on the smaller pulley. This type of drive is provided to obtain 
high velocity ratio and when the required belt tension can not be obtained by other means. 


Driven 
pulleys 


Fig. 18.7. Belt drive with single idler pulley. Fig. 18.8. Belt drive with many idler pulleys. 


When it is desired to transmit motion from one shaft to several shafts, all arranged in parallel, a 
belt drive with many idler pulleys, as shown in Fig. 18.8, may be employed. 


5. Compound belt drive. A compound belt drive as shown in Fig. 18.9, is used when power is 
transmitted from one shaft to another through a number of pulleys. 
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Fig. 18.9. Compound belt drive. 


6. Stepped or cone pulley drive. A stepped or cone pulley drive, as shown in Fig. 18.10, is used 
for changing the speed of the driven shaft while the main or driving shaft runs at constant speed. This 
is accomplished by shifting the belt from one part of the steps to the other. 


Driving pulley 
Main or driving Line shaft 
shaft 

Cone pulley 
Loose pulley 
Fast pulley 
Driven shaft Machine shaft 
Fig. 18.10. Stepped or cone pulley drive. Fig. 18.11. Fast and loose pulley drive. 


7. Fast and loose pulley drive. A fast and loose pulley drive, as shown in Fig. 18.11, is used 
when the driven or machine shaft is to be started or stopped whenever desired without interferring 
with the driving shaft. A pulley which is keyed to the machine shaft is called fast pulley and runs at the 
same speed as that of machine shaft. A loose pulley runs freely over the machine shaft and is 
incapable of transmitting any power. When the driven shaft is required to be stopped, the belt is 
pushed on to the loose pulley by means of sliding bar having belt forks. 


686 = A Textbook of Machine Design 


18.13 Velocity Ratio of a Belt Drive 


It is the ratio between the velocities of the driver and the follower or driven. It may be 
expressed, mathematically, as discussed below: 


Let d, = Diameter of the driver, 
d, = Diameter of the follower, 
N, = Speed of the driver in r.p.m., 
N, = Speed of the follower in r.p.m., 
-. Length of the belt that passes over the driver, in one minute 
=nd,N, 
Similarly, length of the belt that passes over the follower, in one minute 
=1d,N, 
Since the length of belt that passes over the driver in one minute is equal to the length of belt that 
passes over the follower in one minute, therefore 


nd, N =1d,N, 


: : Ny d 
and velocity ratio, —= == 
N, d, 
When thickness of the belt (f) is considered, then velocity ratio, 
N, dit 
N, d,+t 


Notes : 1. The velocity ratio of a belt drive may also be obtained as discussed below: 
We know that the peripheral velocity of the belt on the driving pulley, 
T. d, N, 


= m/s 
“1 = 6 
and peripheral velocity of the belt on the driven pulley, 
N 
ya DE n 
2 60 


When there is no slip, then v, = v,. 


nd N, nd,N, o N, d 
60 60 N d, 
2. In case of a compound belt drive as shown in Fig. 18.7, the velocity ratio is given by 


N, _ dxd, Speed of last driven _ Product of diameters of drivers 


N, i d, x d, E Speed of first driver ~ Product of diameters of drivens 


18.14 Slip of the Belt 


In the previous articles we have discussed the motion of belts and pulleys assuming a firm 
frictional grip between the belts and the pulleys. But sometimes, the frictional grip becomes insufficient. 
This may cause some forward motion of the driver without carrying the belt with it. This is called slip 
of the belt and is generally expressed as a percentage. 

The result of the belt slipping is to reduce the velocity ratio of the system. As the slipping of the 
belt is a common phenomenon, thus the belt should never be used where a definite velocity ratio is of 
importance (as in the case of hour, minute and second arms in a watch). 

Let Sy % = Slip between the driver and the belt, and 


$5 % = Slip between the belt and follower, 
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-. Velocity of the belt passing over the 
driver per second, 
Td N wd, N, ye 


60 60 100 
md Ni ( 5j ) 
= 1 = E 
60 100 s 


and velocity of the belt passing over the 
follower per second 


Td, N, E v(2)=v(1 2) 
60 100 100 


Substituting the value of v from equation 


(i), we have 
Td N, TtdN; (i-a (i-a) 


Belt slip indicator is used to indicate that the 
belt is slipping. 


60 60 100 100 
Np = H ( pii. cee - [ Nestotn Be ba 
N, d, 100 100 100 x 100 


d, [ (39) 2.4 t s ) 
d, 100 d, 100 

...(where s = s, + s, i.e. total percentage of slip) 
If thickness of the belt (7) is considered, then 


N, B d, t ( TE 
Nj d, +t 100 
18.15 Creep of Belt 
When the belt passes from the slack side to the tight side, a certain portion of the belt extends 
and it contracts again when the belt passes from the tight side to the slack side. Due to these changes 
of length, there is a relative motion between the belt and the pulley surfaces. This relative motion is 


termed as creep. The total effect of creep is to reduce slightly the speed of the driven pulley or 
follower. Considering creep, the velocity ratio is given by 


N, d x E+ X95 
N d, E+ Jo, 
where 0, and 6, = Stress in the belt on the tight and slack side respectively, and 
E = Young’s modulus for the material of the belt. 
Note: Since the effect of creep is very small, therefore it is generally neglected. 


Example 18.1. An engine running at 150 r.p.m. drives a line shaft by means of a belt. The 
engine pulley is 750 mm diameter and the pulley on the line shaft is 450 mm. A 900 mm diameter 
pulley on the line shaft drives a 150 mm diameter pulley keyed to a dynamo shaft. Fine the speed of 
dynamo shaft, when 1. there is no slip, and 2. there is a slip of 2% at each drive. 

Solution. Given : N, = 150 r.p.m. ; d, = 750 mm; d, = 450 mm; d, = 900 mm ; 
d,= 150 mm; s = $,=2% 

The arrangement of belt drive is shown in Fig. 18.12. 
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Let N, = Speed of the dynamo shaft. 
1. When there is no slip 
We know that 
N, E d, X d; òi N4 750x900 _ 
N, d, X d4 150 450x150 
150 x 10 = 1500 r.p.m. Ans. 


N, = 


All dimensions in mm. 
Fig. 18.12 


2. When there is a slip of 2% at each drive 


We know that 
Ni ds (i-r c) 
Nj d, X d4 100 100 


N, 750x900 2 2 
or = 1 1- =9.6 
150 450 x 150 100 100 


N, = 150 x 9.6 = 1440 r.p.m. Ans. 


18.16 Length of an Open Belt Drive 


We have discussed in Art. 18.12, that in an open belt drive, both the pulleys rotate in the same 
direction as shown in Fig. 18.13. 


Lk  ——_ . s ge! 


Fig. 18.13. Open belt drive. 
Let r, and r, = Radii of the larger and smaller pulleys, 
x = Distance between the centres of two pulleys (i.e. O,O,), and 
L = Total length of the belt. 
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Let the belt leaves the larger pulley at E and G and the smaller pulley at F and H as shown in 
Fig. 18.13. Through O, draw O,M parallel to FE. 


From the geometry of the figure, we find that O,M will be perpendicular to OE. 
Let the angle MO,O, = o radians. 
We know that the length of the belt, 
L = Arc GJE + EF + Arc FKH + HG 
= 2 (Arc JE + EF + Arc FK) .. (I) 
From the geometry of the figure, we also find that 


OM O,E- EM - 
sing = —— = =n 


0,0, 0,0, X 
Since the angle & is very small, therefore putting 
: : : n-h T 
sin & = a (in radians) = ... (ii) 
T 
Arc JE = "i (z + «| ... (Uii) 
Pers T F 
Similarly, arc FK = r3 (z - a) ... (Iv) 
and EF = MO,= R 2 2 = fy? 2 
~ 2 = ¥(0,0,)" - (OM) = yx" -- m) 
2 
zs i- (23) 
x 
Expanding this equation by binomial theorem, we have 
9 2 
EF - :h-1(23) e. Jos tz? AV) 
2 x 2x 


Substituting the values of arc JE from equation (iii), arc FK from equation (iv) and EF from 
equation (v) in equation (i), we get 


L= 


N 
= 
| 
+ 
Q 
ho nae 
+ 
x 
A 
= 
lle 
|o 
— 
N 
ES 
Ii 
Joe 
| 
Q 
p mer 4 
LE] 


I 
N 
a 
x 
|a 
+ 
EX 
R 
+ 
= 
| 


X 


Il 
N 


2 
Ferien or exc Go 
L2 2x 


2 
=U(r, +7.) +20 (r,-1r,) + 2x—- qne en ry) 


Substituting the value of & = from equation (ii), we get 


(7, = %) 
x 


- Uf) (n - 5Y 
L=n(r,+7,)+2x L—2-(r-r)*€2x- — 
X X 
2 2 
AA = BY gy Gh)” 
X X 


-mnmn-tn- 
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2 
n-r 
=n(r+r,)+2x+ aa ... (in terms of pulley radii) 


d, - d,) 
= 5 (dj + dy) + 2x + E ... (in terms of pulley diameters) 
X 


18.17 Length of a Cross Belt Drive 
We have discussed in Art. 18.12 that in a cross belt drive, both the pulleys rotate in the opposite 
directions as shown in Fig. 18.14. 


Let r; and r, = Radii of the larger and smaller pulleys, 


x = Distance between the centres of two pulleys (i.e. O,O, ), and 
L = Total length of the belt. 


Let the belt leaves the larger pulley at E and G and the smaller pulley at F and H as shown in 
Fig. 18.14. 
Through O, draw O,M parallel to FE. 


From the geometry of the figure, we find that O,M will be perpendicular to O,£. 
Let the angle MO,O, = o radians. 


We know that the length of the belt, 


L = Arc GJE + EF + Arc FKH + HG 


= 2 (Arc JE * FE + Arc FK) (i) 
Fig. 18.14. Crossed belt drive. 
From the geometry of the figure, we find that 
. OM  OE+EM +n 
OO, — OU, x 
Since the angle & is very small, therefore putting 
: f ; n trn T 
sin & = a (in radians) = ——— ... (it) 
T 
Arc JE 2 E s a) „.(iii) 
S: T j 
Similarly, arc FK = 7r, (z + J ...(iv) 
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and EF = MO,= (0,0, - (OM)? = J - (+n) 


2 
" Qe 
X 


Expanding this equation by binomial theorem, we have 


2 2 

1 + + 

mE dyan pa ET 
2 x 2x 


In the above conveyor belt is used to transport material as well as to drive the rollers 


Substituting the values of arc JE from equation (iii), arc FK from equation (iv) and EF from 
equation (v) in equation (i), we get, 


[ 2 
+ 
L=2 n(Z+a)+x-% n) en Ee] 
[Xe 2x 2 
+ 
= 2|/nx =+nat+x ae +r X tral 
Le X 


M 
N 


T 
—(ntr)ta(ntr)tx- 
|; % 2) + A (n + 7) 2x 
( -5Y 
=7 (r +r) +2a (ri +r) + 2x — —— — 


+ 
Substituting the value of & = GSS) from equation (ii), we get 
x 
2 
+ + 
Log kn)a2x 22 Gem you SER 
x 
2 (n * ry n + ry 
= T(n +r)+ +2x- 
x x 
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2 
nar 
-mnx(c-n-T2x-c utn ... (in terms of pulley radii) 
x 
x d, + d3)? 
= 5 (dj + dj) + 2x * Gta ... (in terms of pulley diameters) 
x 


It may be noted that the above expression is a function of (r, + r,). It is thus obvious, that if sum 
of the radii of the two pulleys be constant, length of the belt required will also remain constant, 
provided the distance between centres of the pulleys remain unchanged. 


18.18 Power Transmitted by a Belt 

Fig. 18.15 shows the driving pulley (or driver) A and the driven pulley (or follower) B. As 
already discussed, the driving pulley pulls the belt from one side and delivers it to the other side. It is 
thus obvious that the tension on the former side (i.e. tight side) will be greater than the latter side (i.e. 
slack side) as shown in Fig. 18.15. 


T, 


Dri 1 
Tight side T, riven pulley 


i T, 
Driving pulley 
Fig. 18.15. Power transmitted by a belt. 
Let T, and T, = Tensions in the tight side and slack side of the belt respectively in 
newtons, 


r, and r, — Radii of the driving and driven pulleys respectively in metres, 
and v — Velocity of the belt in m/s. 


The effective turning (driving) force at the circumference of the driven pulley or follower is the 
difference between the two tensions (i.e. T, — T,). 


This massive shaft-like pulley drives the conveyor belt. 
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-. Work done per second = (T, — T,) v N-m/s 
C7 1 N-m/s = 1W) 


and power transmitted = (T, - T,) v W 
A little consideration will show that torque exerted on the driving pulley is (T, — T5) r} 


Similarly, the torque exerted on the driven pulley is (T, — T,) r. 


18.19 Ratio of Driving Tensions for Flat Belt Drive 
Consider a driven pulley rotating in the clockwise direction as shown in Fig. 18.16. 


T, = Tension in the belt on the tight side, 


T, = Tension in the belt on the slack side, and 
0 = Angle of contact in radians (i.e. angle subtended by the arc AB, 


along which the belt touches the pulley, at the centre). 
Now consider a small portion of the belt PQ, subtending an angle 60 at the centre of the pulley 
as shown in Fig. 18.16. The belt PQ is in equilibrium under the following forces: 


Let 


1. Tension T in the belt at P, 
2. Tension (T + 67) in the belt at Q, 


3. Normal reaction Ry, and 
4. Frictional force F =u x Ry, where ų is the coefficient of friction between the belt 
and pulley. 


T, 


Driven 
pulley 


Fig. 18.16. Ratio of driving tensions for flat belt. 


Resolving all the forces horizontally, we have 


Ry = (T+ dT) sin - +T sin M (i) 
Since the angle 60 is very small, therefore putting sin 60/2 = 60/2 in equation (i), we have 
60 60 T.O  OT.00 " T.60 


= (T+ ôT) —+T — = — 

i ( ) 2 2 2 2 2 
2E i. 
2 (ii) 


= T.80 » [Nestecing 


Now resolving the forces vertically, we have 
uxR PEO ose 00 (iii) 
N 2 2 ET 
Since the angle 60 is very small, therefore putting cos 00/2 = 1 in equation (iii), we have 
oT 
... (iv) 


uxRy =T+6T-T=6T or Ry= u 
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Equating the values of Ry from equations (ii) and (iv), we get 


oT 
T.00 = — or ar = p.00 
u T 


Integrating the above equation between the limits T, and T, and from 0 to 0, we have 


n o 
T, T, 
log, B =w8 or T ae" ...(v) 


The equation (v) can be expressed in terms of corresponding logarithm to the base 10, i.e. 


2.3 log (H = 0 
2 


The above expression gives the relation between the tight side and slack side tensions, in terms 
of coefficient of friction and the angle of contact. 
Notes : 1. While determining the angle of contact, it must be remembered that it is the angle of contact at the 
smaller pulley, if both the pulleys are of the same material. We know that 


Kah 


sin @ = TT ... (for open belt drive) 
ntn ; 
mum ... (for cross-belt drive) 
Angle of contact or lap, 
T 
6 = (180° - 2a) 180 rad ...(for open belt drive) 
T 
= (180° + 2a) "EO rad ... (for cross-belt drive) 


2. When the pulleys are made of different material (i.e. when the coefficient of friction of the pulleys or 
the angle of contact are different), then the design will refer to the pulley for which 1.6 is small. 

Example 18.2. Two pulleys, one 450 mm diameter and the other 200 mm diameter, on parallel 
shafts 1.95 m apart are connected by a crossed belt. Find the length of the belt required and the angle 
of contact between the belt and each pulley. 

What power can be transmitted by the belt when the larger pulley rotates at 200 rev/min, if the 
maximum permissible tension in the belt is 1 kN, and the coefficient of friction between the belt and 
pulley is 0.25? 

Solution. Given : d, = 450 mm = 0.45 m or r, = 0.225 m ; d, = 200 mm = 0.2 m or 
r,=0.1 m;x= 1.95 m ; N, = 200 r.p.m. TQ - 1kN= 1000 N; p=0.25 

The arrangement of crossed belt drive is shown in Fig. 18.17. 


Fig. 18.17 
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Length of the belt 

We know that length of the belt, 
(ri T py 
Lzm(rtr)t2x- ——— — 


(0.225 + 0.1)” 
= T (0.225 + 0.1) +2 x 1.95 + ^ 195 


= 1.02 + 3.9 + 0.054 = 4.974 m Ans. - 
Angle of contact between the belt and each pulley 
Let 0 = Angle of contact between the belt and each pulley. 
We know that for a crossed belt drive, 
htm 0225-4041 


UE MER A TES 
MS P 1.95 
b a = 9.6° 
and 0 = 180° + 20 = 180 + 2 x 9.6 = 199.2° 


= 1992 x —— = 3.477 rad Ans. 
180 


Power transmitted 


Let T, = Tension in the tight side of the belt, and 
T, = Tension in the slack side of the belt. 
We know that 


2.3 log | 1 ) = u.0 = 0.25 x 3.477 = 0.8693 


m3 | 


T, 0.8693 T 
lo =r = = 0.378 iL = i i 
g 6 23 or T, 2.387 ... (Taking antilog of 0.378) 
a= -100 i HAN 


T= = 
2 2387 2.387 
We know that the velocity of belt, 


|. &djN, mx0A5x 200 
~ 60 60 


= 4.713 m/s 


-. Power transmitted, 
P = (T, - T) v = (1000 — 419) 4.713 = 2738 W = 2.738 kW Ans. 


18.20 Centrifugal Tension TC de 


Since the belt continuously runs over the pulleys, 
therefore, some centrifugal force is caused, whose effect 
is to increase the tension on both the tight as well as the 
slack sides. The tension caused by centrifugal force is called 
centrifugal tension. At lower belt speeds (less than 
10 m/s), the centrifugal tension is very small, but at higher 
belt speeds (more than 10 m/s), its effect is considerable 
and thus should be taken into account. 

Consider a small portion PQ of the belt subtending 
an angle d0 at the centre of the pulley, as shown in 
Fig. 18.18. 


Fig. 18.18. Centrifugal tension. 
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Let m = Mass of belt per unit length in kg, 

v = Linear velocity of belt in m/s, 

r = Radius of pulley over which the belt runs in metres, and 

Tç = Centrifugal tension acting tangentially at P and Q in newtons. 
We know that length of the belt PQ 
= r.dO 
and mass of the belt PO = m.r.dO 

-. Centrifugal force acting on the belt PQ, 


F, 


2 
c = m.r.d9 x — =m.d0.v? 
r 


Belt drive on a lathe 


The centrifugal tension To acting tangentially at P and Q keeps the belt in equilibrium. Now 
resolving the forces (i.e. centrifugal force and centrifugal tension) horizontally, we have 


. (48 . (dO 
To sin EJ + Tc sin (£) = F, = m.d9.v? (i) 


; . . .[(490) dð. bx as 
Since the angle d@ is very small, therefore putting sin (2 - cs in equation (i), we have 


i To, = m.v? 
Notes : 1. When centrifugal tension is taken into account, then total tension in the tight side, 
Ta = Tit Te 
and total tension in the slack side, 
Ty = T, + To 
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2. Power transmitted, 
P =(T,-T,)v ...(in watts) 
= [T+ TƏ- (T, + Tolv = (T, -T,) v ... (same as before) 
Thus we see that the centrifugal tension has no effect on the power transmitted. 
3. The ratio of driving tensions may also be written as 
2.3 log aa Sua 
T,-T,) ~ 


where T,, = Maximum or total tension in the belt. 


18.21 Maximum Tension in the Belt 


A little consideration will show that the maximum tension in the belt (T ) is equal to the total 
tension in the tight side of the belt (T). 


Let © = Maximum safe stress, 
b = Width of the belt, and 
t = Thickness of the belt. 
We know that the maximum tension in the belt, 
T = Maximum stress x Cross-sectional area of belt = 6.b.t 
When centrifugal tension is neglected, then 
T (or T4) = T,, i.e. Tension in the tight side of the belt. 
When centrifugal tension is considered, then 
T (or Ta) 2 Ty +Te 


18.22 Condition for the Transmission of Maximum Power 
We know that the power transmitted by a belt, 
P=(T,-T,)v ... (i) 
where T, = Tension in the tight side in newtons, 
T, = Tension in the slack side in newtons, and 
v = Velocity of the belt in m/s. 
From Art. 18.19, ratio of driving tensions is 


T, 
zh edid ed (i) 
T, Pd 
Substituting the value of T, in equation (i), we have 
T 1 i 
P= (r -Fv =T, ( -v= Re ..(iii) 
1 1 
where C= oH 
We know that 
T, =T-T, 
where T = Maximum tension to which the belt can be subjected in newtons, 
and 


To = Centrifugal tension in newtons. 
Substituting the value of T, in equation (iii), we have 
P-(T-TQvxC 
= (T-mv*) vx C=(T.v—-m.yv) C ... (Substituting T. = m.v’) 


For maximum power, differentiate the above expression with respect to v and equate to zero, i.e. 
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aP d 3 
p =0 or qp rema esu 
Or T-3mv =0 ... (iv) 
T-3T.,-20 or T=3T, a Ce mv = Tc) 


It shows that when the power transmitted is maximum, 1/3rd of the maximum tension is 
absorbed as centrifugal tension. 


T 
Notes : 1. We know that T, = T — To and for maximum power, To= 7. 


3 
T 2T 
E T — — = — 
1i 3 3 
2. From equation (iv), we find that the velocity of the belt for maximum power, 
T 
n 3m 


Example 18.3. A leather belt 9 mm x 250 mm is used to drive a cast iron pulley 900 mm in 
diameter at 336 r.p.m. If the active arc on the smaller pulley is 120? and the stress in tight side is 
2 MPa, find the power capacity of the belt. The density of leather may be taken as 980 kg/m’, and the 
coefficient of friction of leather on cast iron is 0.35. 


Solution. Given: t = 9 mm = 0.00 m; b = 250 mm = 025 m; d = 900 mm = 0.9 m; 


T 
N = 336 r.p.m ; 0 = 120° = 120 x T80 =2.1 rad ; 0 = 2 MPa = 2 N/mm’; p = 980 kg/m? ; u = 0.35 


We know that the velocity of the belt, 
T d.N "x09 x 336 
O 60 
and cross-sectional area of the belt, 
a = b.£29x250 22250 mm? 
-. Maximum or total tension in the tight side of the belt, 
T = T, =0.a=2 x 2250 = 4500 N 
We know that mass of the belt per metre length, 
m = Area x length x density = b.t.l.p = 0.25 x 0.009 x 1 x 980 kg/m 
= 22 kg/m 


= 15.8 m/s 


-. Centrifugal tension, 
“To = m.v? = 2.2 (15.8)? = 550 N 
and tension in the tight side of the belt, 
T, = T- To = 4500 — 550 = 3950 N 
Let T, = Tension in the slack side of the belt. 
We know that 


2.3 log 6 = p.02 0.35 x 2.1 = 0.735 
T, 
log T = 0.735 = 0.3196 or T = 2.085 ... (Taking antilog of 0.3196) 
T, 2.3 T, 


m? 


e oT my? = s x= = kg-m/s? or N (e 1 N= 1 kg-m/s?) 
s 
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T, 3950 
= = — =1895N 
is "= 3085 2.085 
We know that the power capacity of the belt, 
P = (T, - T)) v = (3950 — 1895) 15.8 = 32 470 W = 32.47 kW Ans. 


Notes :The power capacity of the belt, when centrifugal tension is taken into account, may also be obtained as 
discussed below : 


1. We know that the maximum tension in the tight side of the belt, 
T, = T=4500N 
Centrifugal tension, To = 550 N 
and tension in the slack side of the belt, 
T, = 1895 N 
-. Total tension in the slack side of the belt, 
T, = T, + To= 1895 + 550 2 2445 N 
We know that the power capacity of the belt, 
P = (T; — T5) v = (4500 — 2445) 15.8 = 32 470 W = 32.47 kW Ans. 
2. The value of total tension in the slack side of the belt (7,,) may also be obtained by using the relation as 
discussed in Art. 18.20, i.e. 


2.3 log (Fe) = 1.6 


D») - Tc 


Example 18.4. A flat belt is required to transmit 30 kW from a pulley of 1.5 m effective 


11 
diameter running at 300 r.p.m. The angle of contact is spread over p7] of the circumference. The 


coefficient of friction between the belt and pulley surface is 0.3. Determine, taking centrifugal 
tension into account, width of the belt required. It is given that the belt thickness is 9.5 mm, density 
of its material is 1100 kg / m? and the related permissible working stress is 2.5 MPa. 


Solution. Given : P = 30 kW = 30 x 10° W ; d=1.5m;N=300rp.m. ; 0 = = x 360 = 165° 
=165x nT/ 180 = 2.88 rad; u = 0.3 ; t = 9.5 mm = 0.0095 m; p = 1100 kg/m? ; 6022.5 MPa 
= 2.5 x 10° N/m? 

Let T, = Tension in the tight side of the belt in newtons, and 

T, = Tension in the slack side of the belt in newtons. 

We know that the velocity of the belt, 

md N mx15x300 
60 60 


= 23.57 m/s 


y = 


and power transmitted (P), 

30 x 10° = (T, - T) v = (T, - T)) 23.57 

5 T, - T, 230x 10° / 23.57 = 1273 N ... (i) 
We know that 


T, 
2.3 log (H = 1.0 = 0.3 x 2.88 = 0.864 
2 


0.864 T, 

log B = EXE = 0.3756 or LL —2.375 ...(ii) 
... (Taking antilog of 0.3756) 

From equations (i) and (ii), we find that 


T, =2199N; and T,=926N 
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Let b = Width of the belt required in metres. 
We know that mass of the belt per metre length, 
m = Area x length x density 2 bxtxIxp 
= bx 0.0095 x 1 x 1100 = 10.45 b kg/m 
and centrifugal tension, To = m.v? = 10.45 b (23.57)? = 5805 b N 
We know that maximum tension in the belt, 
T = T, + To= Stress x Area = 0.b.t 
or 2199 + 5805 b = 2.5 x 10° x b x 0.0095 = 23 750 b 
23 750 b - 5805 b = 2199 or b=0.122 m or 122 mm 
The standard width of the belt is 125 mm. Ans. 


Example 18.5. An electric motor drives an exhaust fan. Following data are provided : 


Motor pulley Fan pulley 
Diameter 400 mm 1600 mm 
Angle of warp 2.5 radians 3.78 radians 
Coefficient of friction 0.3 025 
Speed 700 r.p.m. — 
Power transmitted 22.5 kW — 


Calculate the width of 5 mm thick flat belt. Take permissible stress for the belt material as 
2.3 MPa. 


Solution. Given : d, = 400 mm or r, = 200 mm ; d, = 1600 mm or r, = 800 mm ; 0, =2.5rad; 
0, = 3.78 rad; u, = 0.3; u, = 0.25 ; N, = 700 rp.m. ; P = 225 kW = 225 x 10 W; t=5 mm 
= 0.005 m ; © = 2.3 MPa = 2.3 x 106 N/m? 


Fig. 18.19 shows a system of flat belt drive. Suffix 1 refers to motor pulley and suffix 2 refers to 
fan pulley. 


Fan pulley 


Motor pulley 
l 


-&— — 1600 w 


We have discussed in Art. 18.19 (Note 2) that when the pulleys are made of different material 
[i.e. when the pulleys have different coefficient of friction (u) or different angle of contact (0), then 
the design will refer to a pulley for which [1.0 is small. 

-. For motor pulley, u8; 20.3 x 2.5 2 0.75 
and for fan pulley, ,.0, = 0.25 x 3.78 = 0.945 


Fig. 18.19 
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Since u,.0, for the motor pulley is small, therefore the design is based on the motor pulley. 
Let T, = Tension in the tight side of the belt, and 
T, = Tension in the slack side of the belt. 
We know that the velocity of the belt, 
T d.N, mx0A x 700 


v= = = 14.7 m/s ... (d, is taken in metres) 
60 60 


and the power transmitted (P), 

22.5 x 10° = (T, - T) v (T,- T)) 14.7 

A T,-T, 2225x 105/14.7 = 1530 N ... (i) 
We know that 


2.3 log 6 = p.09, =0.3 x 2.5 =0.75 
2 


T, 0.75 T, 
log| | = ——=0.3261 or +=2.12 s; 
Es B = eg T, em 


... (Taking antilog of 0.3261) 
From equations (i) and (ii), we find that 
T, =2896N; and T,=1366N 
Let b = Width of the belt in metres. 


Since the velocity of the belt is more than 10 m/s, therefore centrifugal tension must be taken 
into consideration. Assuming a leather belt for which the density may be taken as 1000 kg / m?. 


-. Mass of the belt per metre length, 
m = Area x length x density 2 bxtxIxp 
= bx 0.005 x 1 x 1000 = 5 b kg/m 
and centrifugal tension, Te = m.v? = 5 b (14.7? = 1080 b N 
We know that the maximum (or total) tension in the belt, 
T = T, + To= Stress x Area = 0.D.t 
or 2896 + 1080 b = 2.3 x 10° b x 0.005 = 11 500 b 
11 5005 — 1080 b = 2896 or b=0.278 say 0.28 m or 280 mm Ans. 


Example 18.6. Design a rubber belt to drive a dynamo generating 20 kW at 2250 r.p.m. and 
fitted with a pulley 200 mm diameter. Assume dynamo efficiency to be 85%. 


Allowable stress for belt = 2.1 MPa 
Density of rubber = 1000 kg / n? 
Angle of contact for dynamo pulley = JG 
Coefficient of friction between belt and pulley = 0.3 


Solution. Given: P = 20 kW = 20 x 1 W; N = 2250 r.p.m. ; d = 200 mm = 0.2 m; 
na = 85% = 0.85 ; o = 2.1 MPa = 2.1 x 10° N/m? ; p = 1000 kg/m?; 0 = 165° = 165 x 7/180 
= 2.88 rad ; u = 0.3 
Let T, = Tension in the tight side of the belt, and 
T, = Tension in the slack side of the belt. 
We know that velocity of the belt, 
T d.N mx02x2250 


v= = 23.6 m/s 
60 60 
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24.8 Single Disc or Plate Clutch 
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Fig. 24.2. Single disc or plate clutch. 


A single disc or plate clutch, as shown in Fig 24.2, consists of a clutch plate whose both sides 
are faced with a frictional material (usually of Ferrodo). It is mounted on the hub which is free to 
move axially along the splines of the driven shaft. The pressure plate is mounted inside the clutch 
body which is bolted to the flywheel. Both the pressure plate and the flywheel rotate with the engine 
crankshaft or the driving shaft. The pressure plate pushes the clutch plate towards the flywheel by a 
set of strong springs which are arranged radially inside the body. The three levers (also known as 
release levers or fingers) are carried on pivots suspended from the case of the body. These are 
arranged in such a manner so that the pressure plate moves away from the flywheel by the inward 
movement of a thrust bearing. The bearing is mounted upon a forked shaft and moves forward when 


the clutch pedal is pressed. 


When the clutch pedal is pressed down, its linkage forces the thrust release bearing to move in 


towards the flywheel and pressing the longer 
ends of the levers inward. The levers are 
forced to turn on their suspended pivot and 
the pressure plate moves away from the 
flywheel by the knife edges, thereby 
compressing the clutch springs. This action 
removes the pressure from the clutch plate 
and thus moves back from the flywheel and 
the driven shaft becomes stationary. On the 
other hand, when the foot is taken off from 
the clutch pedal, the thrust bearing moves 
back by the levers. This allows the springs 
to extend and thus the pressure plate pushes 
the clutch plate back towards the flywheel. 


When a car hits an object and decelerates quickly 
the objects are thrown forward as they continue to 
move forwards due to inertia. 


Clutches =» 889 


The axial pressure exerted by the spring provides a frictional force in the circumferential direction 
when the relative motion between the driving and driven members tends to take place. If the torque 


due to this frictional force exceeds the torque to be transmitted, then no slipping takes place and the 
power is transmitted from the driving shaft to the driven shaft. 


24.9 Design of a Disc or Plate Clutch 


Consider two friction surfaces maintained in contact by an axial thrust (W ) as shown in 
Fig. 24.3 (a). 


3 Single disc or plate 


ES 
ex] 


E y^ 


a 


S 


DE 
x 


Friction surface 


(a) (b) 
Fig. 24.3. Forces on a disc clutch. 


Let T = Torque transmitted by the clutch, 


p = Intensity of axial pressure with which the contact surfaces are 
held together, 
ri and ry = External and internal radii of friction faces, 
r = Mean radius of the friction face, and 
u = Coefficient of friction. 
Consider an elementary ring of radius r and thickness dr as shown in Fig. 24.3 (b). 
We know that area of the contact surface or friction surface 
= 27 r.dr 
Normal or axial force on the ring, 
SW = Pressure x Area = p x 27 r.dr 
and the frictional force on the ring acting tangentially at radius r, 
F, = u x ÒW = p.p x 2n r.dr 
Frictional torque acting on the ring, 
T —-F,xr-yWupx2nrdrxr-2mp p. r^ dr 
We shall now consider the following two cases : 
1. When there is a uniform pressure, and 
2. When there is a uniform axial wear. 
1. Considering uniform pressure. When the pressure is uniformly distributed over the entire 
area of the friction face as shown in Fig. 24.3 (a), then the intensity of pressure, 
W 


D Lo? = (3) | 


p= 
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where W = Axial thrust with which the friction surfaces are held together. 


We have discussed above that the frictional torque on the elementary ring of radius r and 
thickness dr is 


- 2 
T, = 2n J.p.r^.dr 
Integrating this equation within the limits from r, to r, for the total friction torque. 
-. Total frictional torque acting on the friction surface or on the clutch, 


n 


3 
Í "2n u. p.r? dr = 2n|. p i| 
n 


n 


3 (Q8 NES: 
" TL (3) ETE LM È (3) | 
3 n[(n) -G)1 1 
... (Substituting the value of p) 


3 (Y - 0» 
2 |a - (ny 


3 3 
2 «v [e - (n) [ena 


where 3 m 8 (5 

2. Considering uniform axial wear. The basic principle in designing machine parts that are 
subjected to wear due to sliding friction is that the normal wear is proportional to the work of friction. 
The work of friction is proportional to the product of normal pressure ( p) and the sliding velocity 
(V). Therefore, 


Normal wear œ Work of friction e« p.V 


| = Mean radius of the friction surface. 


Initial 


77: 
Or p.V=K (a constant) or p= KIV ...() 27 am 

It may be noted that when the friction surface is new, there 7. 
is a uniform pressure distribution over the entire contact surface. AA r 


This pressure will wear most rapidly where the sliding velocity 
is maximum and this will reduce the pressure between the friction 
surfaces. This wearing-in process continues until the product 
p.V is constant over the entire surface. After this, the wear will 
be uniform as shown in Fig. 24.4. 


Let p be the normal intensity of pressure at a distance r Fig. 24.4. Uniform axial wear. 
from the axis of the clutch. Since the intensity of pressure varies 
inversely with the distance, therefore 


p.r = C (a constant) or p=C/r ... (ii) 
and the normal force on the ring, 
6W = p.2mr.dr = Ex 2tr.dr = 2n C.dr 
-. Total force acing on the friction surface, 
W= [2m € dr = 2n C lr; -2nC (n-n) 


W 


or TEE aen 
2n (n — n) 
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We know that the frictional torque acting on the ring, 
T = 20 JL. p.r? dr =2N UX € xr dr = 2ng.C.r.dr Ce p= Clr) 
r r 


.. Total frictional torque acting on the friction surface (or on the clutch), 


A r? à 
T= Í 2n u Crdr =2n uC | — 
5 2 pn 
2 2 
(4) - (n) 2 2 
= muc psn = rC (a)? - (7) 
W 2 2, 1 
= Mu X ———— [(7,) —-(5»)]9—xuW (n * 5)-1.W.R 
u aan (5) 2 u |t5)—H 
n trn . Tm 
where R= D Wc Mean radius of the friction surface. 
Notes : 1. In general, total frictional torque acting on the friction surfaces (or on the clutch) is given by 
T =n.u.WR 
where n = Number of pairs of friction (or contact) surfaces, and 


R = Mean radius of friction surface 


3_ (n3 
" E ae) ... (For uniform pressure) 
n) =n 
n tn 


21012 ... (For uniform wear) 
2. For a single disc or plate clutch, normally both sides of the disc are effective. Therefore a single disc 
clutch has two pairs of surfaces in contact (i.e. n = 2). 


3. Since the intensity of pressure is maximum at the inner radius (r,) of the friction or contact surface, 
therefore equation (ii) may be written as 


P max x [5.7 C or P max = C/ T3 


4. Since the intensity of pressure is minimum at the outer radius (r,) of the friction or contact surface, 
therefore equation (ii) may be written as 


P min x ři =C or P min =C/ ri 
5. The average pressure ( p_,,) on the friction or contact surface is given by 


Total force on friction surface 2 W 


Pay = : — = 
" Cross-sectional area of friction surface — (5) = (5)] 


6. In case of a new clutch, the intensity of pressure is approximately uniform, but in an old clutch, the 
uniform wear theory is more approximate. = a - E 

7. The uniform pressure theory gives a higher friction torque 
than the uniform wear theory. Therefore in case of friction clutches, 
uniform wear should be considered, unless otherwise stated. 


24.10 Multiple Disc Clutch 


A multiple disc clutch, as shown in Fig. 24.5, may be 
used when a large torque is to be transmitted. The inside 
discs (usually of steel) are fastened to the driven shaft to 
permit axial motion (except for the last disc). The outside 
discs (usually of bronze) are held by bolts and are fastened 
to the housing which is keyed to the driving shaft. The 
multiple disc clutches are extensively used in motor cars, A twin disk clutch 
machine tools etc. 
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Fig. 24.5. Multiple disc clutch. 
Let n,- Number of discs on the driving shaft, and 
n, = Number of discs on the driven shaft. 
Number of pairs of contact surfaces, 
n=n,+n,-1 
and total frictional torque acting on the friction surfaces or on the clutch, 


T = n.uJ.W.R 
where R - Mean radius of friction surfaces 
2 [e - (7) | 
=z, 2 7, 2 ... (For uniform pressure) 
3| (n). - (n) P 
nth 1 
= mm ... (For uniform wear) 


Example 24.1. Determine the maximum, minimum and average pressure in a plate clutch 
when the axial force is 4 kN. The inside radius of the contact surface is 50 mm and the outside radius 
is 100 mm. Assume uniform wear. 


Solution. Given: W = 4 kN = 4000 N ; r, = 50 mm ; r; = 100 mm 
Maximum pressure 
Let Pmax = Maximum pressure. 
Since the intensity of pressure is maximum at the inner radius (r,), therefore 
Pmax X$ 1 = C or C= 50 P nax 

We also know that total force on the contact surface (W ), 
4000 = 27C (r; = rj) = 20 x 50 P nax (100 — 50) 2 15 710 p 
Pmax = 4000 / 15 710 = 0.2546 N/mm? Ans. 


max 


Minimum pressure 
Let p,„ = Minimum pressure. 
min 
Since the intensity of pressure is minimum at the outer radius (r ), therefore, 
Pmi r =C or C=100p 


min 
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We know that the total force on the contact surface (W ), 
4000 = 2nC (r; — rj) = 2n x 100 P „in (100 — 50) = 31 420 p 
P nin = 4000/31 420 = 0.1273 N/mm? Ans. 


min 


Average pressure 
We know that average pressure, 


Total normal force on contact surface _ W 
Pav = Cross-sectional area of contact surface min)? - (n) ] 


4000 


n[(100)* — (50)°] 
Example 24.2. A plate clutch having a single driving plate with contact surfaces on each side 
is required to transmit 110 kW at 1250 r.p.m. The outer diameter of the contact surfaces is to be 
300 mm. The coefficient of friction is 0.4. 
(a) Assuming a uniform pressure of 0.17 N/mm?; determine the inner diameter of the friction 
surfaces. 


= 0.17 N/mm? Ans. 


(b) Assuming the same dimensions and the same total axial thrust, determine the maximum 
torque that can be transmitted and the maximum intensity of pressure when uniform wear 
conditions have been reached. 


Solution. Given: P= 110 kW = 110x 10°W; N= 1250 r.p.m. ; d, 2300 mm or r, = 150 mm ; 
u=0.4;p=0.17 N/mm? 
(a) Inner diameter of the friction surfaces 
Let d, = Inner diameter of the contact or friction surfaces, and 
r, = Inner radius of the contact or friction surfaces. 
We know that the torque transmitted by the clutch, 
Px60 110x10° x 60 
2nN 2 mx 1250 
= 840 x 10? N-mm 
Axial thrust with which the contact surfaces are held together, 


= 840 N-m 


W = Pressure x Area = p x n [(r,)? - (r5)?] 
= 0.17 x x [(150)? — cy] = 0.534 [(150)? — cy ...(i) 
and mean radius of the contact surface for uniform pressure conditions, 
2 |a - d -2 E - 24 
R=3 a-e] 3 [a50 - Y 
-. Torque transmitted by the clutch ( T ), 
840 x 10? = n... W.R 


3 3 
2 2x04x0534[150? - (,31x 2 | LO =) p 
3 050? - (y 


= 0.285 [(150»? - (r5)*] 


or (150) — (ry = 840 x 105/0.285 = 2.95 x 106 
Gy = (150)? — 2.95 x 106 = 0.425 x 106 or r, =75 mm 
and d, =2r,=2x75=150mm Ans. 
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(b) Maximum torque transmitted 
We know that the axial thrust, 
W = 0.534 [(150)? — cy] ... [From equation (i)] 
= 0.534 [(150)? — (75] = 9011 N 
and mean radius of the contact surfaces for uniform wear conditions, 
nr 150-475 


2 
Maximum torque transmitted, 


T = n..LW.R 22 x 0.4 x 9011 x 112.5 = 811 x 10? N-mm 
= 811 N-m Ans. 
Maximum intensity of pressure 


R= =112.5 mm 


For uniform wear conditions, p.r = C (a constant). Since the intensity of pressure is maximum at 
the inner radius (r,), therefore 


P maxX T2 = C or C= P max X 15 N/mm 
We know that the axial thrust ( W ), 
9011 =2 T C (r-r) =2T X P nax X 75 (150 - 75) = 35 347 p 
= 9011 /35 347 = 0.255 N/mm? Ans. 


EE 24.3. 3 single plate clutch, effective on both sides, is required to transmit 25 kW at 
3000 r.p.m. Determine the outer and inner diameters of frictional surface if the coefficient of friction 
is 0.255, ratio of diameters is 1.25 and the maximum pressure is not to exceed 0.1 N/mm. Also, 
determine the axial thrust to be provided by springs. Assume the theory of uniform wear. 

Solution. Given: n = 2; P = 25 kW = 25 x 10? W; N = 3000 rp.m.; u = 0.255; 
dlds125urrnel954p. = 0.1 N/mm? 


max 


max 


Outer and inner diameters of frictional surface 
Let d, and d,= Outer and inner diameters (in mm) of frictional surface, and 
r; and r, = Corresponding radii (in mm) of frictional surface. 
We know that the torque transmitted by the clutch, 
Px60 25x 10° x 60 
2m N 2 1 x 3000 
For uniform wear conditions, p.r = C (a constant). Since the intensity of pressure is maximum at 
the inner radius (r,), therefore. 
Pau X "2 = C 
or C =0.1 r, N/mm 
and normal or axial load acting on the friction surface, 
W =2nC(r,-1r,)=20 x 0.1 r, (1.25 r,- r,) 
= 0.157 (r) wel r/r, = 1.25) 
We know that mean radius of the frictional surface (for uniform wear), 
ritn 1l25r,*r, 


R= ee 195 +r 
2 2 4 


= 79.6 N-m = 79 600 N-mm 


and the torque transmitted (T ), 
79 600 = n.u.W.R = 2x 0.255 x 0.157 (r,)? 1.125 r, = 0.09 (n 
(n? = 79.6 x 10?/ 0.09 = 884 x 10? or r,- 96mm 
and r, = 1.25 r, = 1.25 x 96 = 120 mm 


Clutches = 895 


-. Outer diameter of frictional surface, 
d, 22r, 22x 120 2 240 mm Ans. 
and inner diameter of frictional surface, 
d, -2r,-2x96-192mm Ans. 
Axial thrust to be provided by springs 

We know that axial thrust to be provided by springs, 

W z2nuC(r-r)-2nx0.1r, (1.2 r- rj) 
= 0.157 (r,)} = 0.157 (96? = 1447 N Ans. 

Example 24.4. A dry single plate clutch is to be designed for an automotive vehicle whose 
engine is rated to give 100 kW at 2400 r.p.m. and maximum torque 500 N-m. The outer radius of the 
friction plate is 2596 more than the inner radius. The intensity of pressure between the plate is not to 
exceed 0.07 N/mm?. The coefficient of friction may be assumed equal to 0.3. The helical springs 
required by this clutch to provide axial force necessary to engage the clutch are eight. If each spring 
has stiffness equal to 40 N/mm, determine the dimensions of the friction plate and initial compres- 
sion in the springs. 

Solution. Given: P = 100 kW = 100 x 10? W; *N = 2400 r.p.m. ; T = 500 N-m 
= 500 x 10? N-mm ; p = 0.07 N/mm? ; u = 0.3 ; No. of springs = 8 ; Stiffness/spring = 40 N/mm 
Dimensions of the friction plate 

Let r, — Outer radius of the friction plate, and 

r, = Inner radius of the friction plate. 
Since the outer radius of the friction plate is 2596 more than the inner radius, therefore 
r -125r, 
For uniform wear conditions, p.r = C (a constant). Since the intensity of pressure is maximum at 
the inner radius (r,), therefore 
p-r, =C or Cz 0.07 r, N/mm 
and axial load acting on the friction plate, 
W = 2r C (r, -1,) = 2n x 0.07 r, (125 r, = r) 20.11 (c? N Ò 
We know that mean radius of the friction plate, for uniform wear, 


ntr _1.25n +n 


7 =1.125 7 
-. Torque transmitted (T ), 
500 x 10? 2 nu. WR 22x0.3 x 0.11 (n? 1.125 r= 0.074 (n? eos nz2) 
o = 500 x 103/ 0.074 = 6757 x 10° or r, = 190 mm Ans. 
and r, = 1.25 r, = 1.25 x 190 = 237.5 mm Ans. 


Initial compression in the springs 
We know that total stiffness of the springs, 
s — Stiffness per spring x No. of springs 2 40 x 8 2 320 N/mm 
Axial force required to engage the clutch, 
W =0.11 (ry = 0.11 (190 = 3970 N ... [From equation (i)] 
-. Initial compression in the springs 
= W/sz3970/320z 12.4 mm Ans. 


* — Superfluous data 
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Radiator 


Circulating 
water 


In car cooling system a pump circulates water through the engine and through the pipes 
of the radiator. 


Example 24.5. A single dry plate clutch is to be designed to transmit 7.5 kW at 900 r.p.m. Find : 
1. Diameter of the shaft, 


2. Mean radius and face width of the friction lining assuming the ratio of the mean radius to 
the face width as 4, 


3. Outer and inner radii of the clutch plate, and 


4. Dimensions of the spring, assuming that the number of springs are 6 and spring index = 6. 
The allowable shear stress for the spring wire may be taken as 420 MPa. 


Solution. Given : P = 7.5 kW = 7500 W ; N = 900 r.p.m. ; r/b = 4; No. of springs = 6; 
C= Dld = 6 ; t = 420 MPa = 420 N/mm? 


1. Diameter of the shaft 
Let d, = Diameter of the shaft, and 
1, = Shear stress for the shaft material. It may be assumed as 40 N/mm’. 
We know that the torque transmitted, 
Px60 _ 7500 x 60 
T= "onN 27x 900 
We also know that the torque transmitted (7), 


= 79.6 N-m = 79 600 N-mm 0) 


79 600 = i xt @,) = a x 40 (d,)* = 7.855 (d,? 


z (dj? = 79 600 / 7.855 = 10 134 or d =21.6 say 25mm Ans. 
2. Mean radius and face width of the friction lining 


Let R = Mean radius of the friction lining, and 

b = Face width of the friction lining = R/4 ... (Given) 
We know that the area of the friction faces, 

A =2nR.b 


Normal or the axial force acting on the friction faces, 
W=Axp=2nRbp 


Clutches = 897 


and torque transmitted, T = u W.R.n = u (2x Rb.p) R.n 
= „(2 nex cp) Rn=5xuR pn ...(ii) 


Assuming the intensity of pressure (p) as 0.07 N/mm? and coefficient of friction ( u) as 0.25, we 
have from equations (i) and (ii), 


79 600 = 5% 0.25 x R x 0.07 x 2 = 0.055 R° 


C^ n = 2, for both sides of plate effective) 
s R? = 79 600 / 0.055 = 1.45 x 10° or R = 1132 say 114 mm Ans. 
and b=R/4=114/4=28.5 mm Ans. 


3. Outer and inner radii of the clutch plate 
Let r, and r, = Outer and inner radii of the clutch plate respectively. 


Since the face width (or radial width) of the plate is equal to the difference of the outer and inner 
radii, therefore, 


b=r,-r, or rj -r,2285 mm ... (iit) 
We know that for uniform wear, mean radius of the clutch plate, 
+ 
pas or +m =2R=2x114 = 228 mm v) 


From equations (iii), and (iv), we find that 
r; = 128.25mm_ and r,=99.75 mm Ans. 
4. Dimensions of the spring 
Let D = Mean diameter of the spring, and 
d = Diameter of the spring wire. 
We know that the axial force on the friction faces, 
W = 27 Rb.p 21 x 114 x 28.5 x 0.07 = 1429.2 N 
In order to allow for adjustment and for maximum engine torque, the spring is designed for an 
overload of 25%. 
-. Total load on the springs 
= 1.25 W = 1.25 x 1429.2 = 1786.5 N 
Since there are 6 springs, therefore maximum load on each spring, 
W, = 1786.5 / 6 = 297.75 N 
We know that Wahl's stress factor, 
4C -1 0615 4x6-1 0.615 


K= + + = 1.2525 
4C-4 C  4x6-4 6 


We also know that maximum shear stress induced in the wire (T), 


8W,C ,:595,,X29175x6 _ 5697 
T 


d? T d? d? 


d? = 5697 / 420 = 13.56 or d= 3.68 mm 
We shall take a standard wire of size SWG 8 having diameter (d) = 4.064 mm Ans. 
and mean diameter of the spring, 
D = C.d = 6 x 4.064 = 24.384 say 24.4 mm Ans. 


420 = KX 
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Let us assume that the spring has 4 active turns (i.e. n = 4). Therefore compression of the spring, 
8W.Cn 8x297/75x6 x4 
ô=- TT OT = 6.03 mm 
G.d 84 x 10° x 4.064 
... (Taking G = 84 x 10? N/mm?) 
Assuming squared and ground ends, total number of turns, 
n'=n+2=4+2=6 
We know that free length of the spring, 
Lp =n'd+6+0.158 
= 6 x 4.064 + 6.03 + 0.15 x 6.03 = 31.32 mm Ans. 


f ] Lẹ _ 31.32 
and pitch of the coils = wel 6=1 

Example 24.6. Design a single plate automobile clutch to transmit a maximum torque of 250 
N-m at 2000 r.p.m. The outside diameter of the clutch is 250 mm and the clutch is engaged at 55 km/h. 
Find : 1. the number of revolutions of the clutch slip during engagement; and 2. heat to be dissipated 
by the clutch for each engagement. 


= 6.264 mm Ans. 


The following additional data is available: 

Engine torque during engagement = 100 N-m; Mass of the automobile = 1500 kg; Diameter of 
the automobile wheel = 0.7 m; Moment of inertia of combined engine rotating parts, flywheel and 
input side of the clutch = 1 kg-m?; Gear reduction ratio at differential = 5; Torque at rear wheels 
available for accelerating automobile = 175 N-m; Coefficient of friction for the clutch material 
= 0.3; Permissible pressure = 0.13 N/mm?. 

Solution. Given : T = 250 N-m = 250 x 10? N-mm ; N = 2000 r.p.m. ; d, = 250 mm or 
ri, 2125 mm; V= 55 km/h = 15.3 m/s; T, = 100 N-m ; m = 1500 kg ; D, 20.7 mor R, = 0.35 m ; 
I-lkg-m?; T,= 175 N-m ; Gear ratio = 5 ; u = 0.3 ; p 20.13 N/mm? 

1. Number of revolutions of the clutch slip during engagement 

First of all, let us find the inside radius of the clutch (r5). We know that, for uniform wear, mean 

radius of the clutch, 


rtr, 125r, 
2 


R= = 62.54 0.5 r, 


and axial force on the clutch, 

W = p.x [(r D? - (r) = 0.13 x n (125)? - (r,)7] 

We know that the torque transmitted (T ), 
250 x 10 = nuu. WAR 22x 0.3 x 0.13  [(125)? - cy [62.5 + 0.5 r,] 
= 0.245 [ 976.56 x 10? + 7812.5 r,— 62.5 (y — 0.5 (6 

Solving by hit and trial, we find that 

r, = 70mm 
We know that angular velocity of the engine, 

Q, = 2nN / 60 = 2n x 2000 / 60 = 210 rad/s 


and angular velocity of the wheel, 


_ Velocity of wheel | V — 153 _ 447 rad/s 


Q. 
w Radiusof wheel R 0.35 


w 


Since the gear ratio is 5, therefore angular velocity of the clutch follower shaft, 
Wy = My X 5 = 43.7 x 5 = 218.5 rad/s 


Clutches =» 899 


We know that angular acceleration of the engine during the clutch slip period of the clutch, 
T,-T 100—250 
a, = = 
: I 1 
Let a = Linear acceleration of the automobile. 


= — 150 rad/s” 


We know that accelerating force on the automobile, 


F = Za = 19 = 599 'N 
a R 0.35 


We also know that accelerating force (F), 
500 = m.a = 1500 x a or a=500/ 1500 = 0.33 m/s? 
Angular acceleration of the clutch output, 


Acceleration x Gear ratio |.0.33x 5 2 
Qs = - = = 4.7 rad/s 
Radius of wheel 0.35 


We know that clutch slip period, 


= 218.5 — 
dz 09 —0O, 2185-210 = 0.055 s 
Oy —-a,  47-(-150) 


Angle through which the input side of the clutch rotates during engagement time (At) is 


0, = © x At +> a, (At)? 


1 
= 210 x 0.055 + 2 (— 150) (0.055)? = 11.32 rad 


and angle through which the output side of the clutch rotates during engagement time (At) is 


1 
0, = Oy x A+ > id 


= 218.5 x 0.055 + E x 4.7 (0.055)? = 12 rad 
-. Angle of clutch slip, 
90 = 0,- 9, = 12— 11.32 = 0.68 rad 


We know that number of revolutions of the clutch slip during engagement 


- Men 0.11 revolutions Ans. 
2n 2n 


Heat to be dissipated by the clutch for each engagement 

We know that heat to be dissipated by the clutch for each engagement 

= T.0 = 250 x 0.68 = 170 J Ans. 

Example 24.7. A multiple disc clutch has five plates having four puts of active friction 
surfaces. If the intensity of pressure is not to exceed 0.127 N/mm’, 
find the power transmitted at 500 r.p.m. The outer and inner radii 
of friction surfaces are 125 mm and 75 mm respectively. Assume 
uniform wear and take coefficient of friction = 0.3. 


Solution. Given : n, + n, 25; nz 4; p = 0.127 N/mm’; 
Nz500rp.m.;r, 2125 mm; r, 2 75 mm ; = 0.3 

We know that for uniform wear, p.r = C (a constant). Since 
the intensity of pressure is maximum at the inner radius (r,), 
therefore, 


pr,=C or C=0.127 x 75 = 9.525 N/mm 


A twin-disk clutch 
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and axial force required to engage the clutch, 
W = 2nC (rj = r,) = 27 x 9.525 (125 — 75) 2 2993 N 
Mean radius of the friction surfaces, 
paita DO 109 mm=0.1m 
We know that the torque E enu i 


T = n.u.W.R = 4 x 0.3 x 2993 x 0.1 2 359 N-m 
TXxX2TN 359x2mx500 
60 60 
Example 24.8. A multi-disc clutch has three discs on the driving shaft and two on the driven 
shaft. The inside diameter of the contact surface is 120 mm. The maximum pressure between the 


surface is limited to 0.1 N/mm?. Design the clutch for transmitting 25 kW at 1575 rp.m. Assume 
uniform wear condition and coefficient of friction as 0.3. 


-. Power transmitted, P — = 18 800 W = 18.8 kW Ans. 


Solution. Given : n,=35n,=2;d,=120mmorr,=60mm;p,,.=0.1 N/mm? ; P = 25 kW 
=25x 10? W ; N = 1575 r.p.m. ; u = 0.3 


Let r, = Outside radius of the contact surface. 


max 


We know that the torque transmitted, 


|. Px60_ 25x10? x 60 


2nN 271xX1575 
For uniform wear, we know that p.r = C. Since the intensity of pressure is maximum at the inner 
radius (r;), therefore, 


= 151.6 N-m = 151 600 N-mm 


Pmax $ "2 = C or C=0.1 x 60 = 6 N/mm 
We know that the axial force on each friction surface, 
W = 20C (ri - r)) = 2n x 6(r, — 60) = 37.7 (r, — 60) (i) 


For uniform wear, mean radius of the contact surface, 
ntr n+60 
2 2 
We know that number of pairs of contact surfaces, 


R= =0.5 5 +30 


n =n, *n,-12342-1z4 
-. Torque transmitted (7), 
151 600 = n... W.B = 4 x 0.3 x 37.7 (r, — 60) (0.5 r, + 30) 
... [Substituting the value of W from equation (i)] 
= 22.62 ag — 81 432 
151 600 + 81 432 


gj, 9 ee dI 
r) 22.62 


or r, = 101.5 mm Ans. 


Example 24.9. A multiple disc clutch, steel on bronze, is to transmit 4.5 kW at 750 r.p.m. The 
inner radius of the contact is 40 mm and outer radius of the contact is 70 mm. The clutch operates in 
oil with an expected coefficient of 0.1. The average allowable pressure is 0.35 N/mm’. Find : 1. the 
total number of steel and bronze discs; 2. the actual axial force required; 3. the actual average 
pressure; and 4. the actual maximum pressure. 

Solution. Given : P = 4.5 kW = 4500 W ; N 2 750 rp.m. ; r, 40 mm ; r, 2 70 mm; u 20.1 ; 
p, = 0.35 N/mm? 


Clutches = 901 


1. Total number of steel and bronze discs 
Let n = Number of pairs of contact surfaces. 
We know that the torque transmitted by the clutch, 
Px60 _ 4500 x 60 
T= 2nN  2nx750 
For uniform wear, mean radius of the contact surfaces, 
rtr, 70-40 | 
2 2 
and average axial force required, 
W=p,,xt (G - cy = 0.35 x n [(70)? — (40)?] = 3630 N 
We also know that the torque transmitted (T ), 
57300 = n.u.W.R =n x 0.1 x 3630 x 55 = 19 965 n 
n = 57 300/19 965 = 2.87 


Since the number of pairs of contact surfaces must be even, therefore we shall use 4 pairs of 
contact surfaces with 3 steel discs and 2 bronze discs (because the number of pairs of contact surfaces 
is one less than the total number of discs). Ans. 


= 57.3 N-m = 57 300 N-mm 


R= 55 mm 


2. Actual axial force required 
Let W ' = Actual axial force required. 


Since the actual number of pairs of contact surfaces is 4, therefore actual torque developed by 
the clutch for one pair of contact surface, 
T 57300 


pue 
n 


= 14 325 N-mm 


We know that torque developed for one pair of contact surface (T '), 
14325 =u.W'R=0.1xW'x55=5.5 W' 
W' = 14 325 / 5.5 = 2604.5 N Ans. 
3. Actual average pressure 
We know that the actual average pressure, 
w’ 2604.5 
P'a = 5 ; 7 > — = 0.25 N/mm” Ans, 
n[(n) —(m)] mI(70) -(40)] 
4. Actual maximum pressure 


Let Pmax = Actual maximum pressure. 


For uniform wear, p.r = C. Since the intensity of pressure is maximum at the inner radius, 
therefore, 


Pmax X$ 1 = C or C=40p, N/mm 


We know that the actual axial force (W '), 
2604.5 = 20C (r, — r)) = 2n x 40 P pax ( 70 — 40) = 7541 p 
P nax = 2604.5 | 7541 = 0.345 N/mm? Ans. 
Example 24.10. A plate clutch has three discs on the driving shaft and two discs on the driven 
shaft, providing four pairs of contact surfaces. The outside diameter of the contact surfaces is 


240 mm and inside diameter 120 mm. Assuming uniform pressure and u = 0.3, find the total 
spring load pressing the plates together to transmit 25 kW at 1575 r.p.m. 


max 
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In rolling contact bearings, as shown in Fig. 26.2 (b), the steel balls or rollers, are interposed 
between the moving and fixed elements. The balls offer rolling friction at two points for each ball or 
roller. 


26.3 Types of Sliding Contact Bearings 


The sliding contact bearings in which the sliding action is guided in a straight line and carrying 
radial loads, as shown in Fig. 26.1 (a), may be called slipper or guide bearings. Such type of bearings 
are usually found in cross-head of steam engines. 


Bearing 


! jo 
Journal 120 


(a) Full journal bearing. (b) Partial journal bearing. (c) Fitted journal bearing. 
Fig. 26.3. Journal or sleeve bearings. 

The sliding contact bearings in which the sliding action is along the circumference of a circle or 
an arc of a circle and carrying radial loads are known as journal or sleeve bearings. When the angle 
of contact of the bearing with the journal is 360? as shown in Fig. 26.3 (a), then the bearing is called 
afull journal bearing. 'This type of bearing is commonly used in industrial machinery to accommodate 
bearing loads in any radial direction. 

When the angle of contact of the bearing with the journal is 120°, as shown in Fig. 26.3 (b), then 
the bearing is said to be partial journal bearing. 'This type of bearing has less friction than full 
journal bearing, but it can be used only where the load is always in one direction. The most common 
application of the partial journal bearings is found in rail road car axles. The full and partial journal 
bearings may be called as clearance bearings because the diameter of the journal is less than that of 
bearing. 


Sliding contact bearings are used in steam engines 
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When a partial journal bearing has no clearance i.e. the diameters of the journal and bearing are 
equal, then the bearing is called a fitted bearing, as shown in Fig. 26.3 (c). 

The sliding contact bearings, according to the thickness of layer of the lubricant between the 

bearing and the journal, may also be classified as follows : 

1. Thick film bearings. The thick film bearings are those in which the working surfaces are 
completely separated from each other by the lubricant. Such type of bearings are also called 
as hydrodynamic lubricated bearings. 

2. Thin film bearings. The thin film bearings are those in which, although lubricant is present, 
the working surfaces partially contact each other atleast part of the time. Such type of bearings 
are also called boundary lubricated bearings. 

3. Zero film bearings. The zero film bearings are those which operate without any lubricant 
present. 

4. Hydrostatic or externally pressurized lubricated bearings. The hydrostatic bearings are those 
which can support steady loads without any relative motion between the journal and the bearing. 
This is achieved by forcing externally pressurized lubricant between the members. 


26.4 Hydrodynamic Lubricated Bearings | —_ 


We have already discussed that in hydrodynamic 
lubricated bearings, there is a thick film of lubricant 
between the journal and the bearing. A little 
consideration will show that when the bearing is 
supplied with sufficient lubricant, a pressure is build 
up in the clearance space when the journal is rotating 
about an axis that is eccentric with the bearing axis. 
The load can be supported by this fluid pressure without 
any actual contact between the journal and bearing. 
The load carrying ability of a hydrodynamic bearing 
arises simply because a viscous fluid resists being 
pushed around. Under the proper conditions, this " 
resistance to motion will develop a pressure distribution 
in the lubricant film that can support a useful load. The load supporting pressure in hydrodynamic 
bearings arises from either 


Hydrodynamic Lubricated Bearings 


1. the flow of a viscous fluid in a converging channel (known as wedge film lubrication), or 


2. the resistance of a viscous fluid to being squeezed out from between approaching surfaces 
(known as squeeze film lubrication). 


26.5 Assumptions in Hydrodynamic Lubricated Bearings 
The following are the basic assumptions used in the theory of hydrodynamic lubricated 
bearings: 
1. The lubricant obeys Newton's law of viscous flow. 
The pressure is assumed to be constant throughout the film thickness. 
The lubricant is assumed to be incompressible. 
The viscosity is assumed to be constant throughout the film. 


By ge ibe 


The flow is one dimensional, i.e. the side leakage is neglected. 


26.6 Important Factors for the Formation of Thick Oil Film in Hydrodynamic 
Lubricated Bearings 
According to Reynolds, the following factors are essential for the formation of a thick film of 
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oil in hydrodynamic lubricated bearings : 

1. A continuous supply of oil. 

2. Arelative motion between the two surfaces in a direction approximately tangential to the 
surfaces. 

3. The ability of one of the surfaces to take up a small inclination to the other surface in the 
direction of the relative motion. 

4. The line of action of resultant oil pressure must coincide with the line of action of the 
external load between the surfaces. 


26.7 Wedge Film Journal Bearings 


The load carrying ability of a wedge-film journal bearing results when the journal and/or the 
bearing rotates relative to the load. The most common case is that of a steady load, a fixed (non- 
rotating) bearing and a rotating journal. Fig. 26.4 (a) shows a journal at rest with metal to metal 
contact at A on the line of action of the supported load. When the journal rotates slowly in the 
anticlockwise direction, as shown in Fig. 26.4 (b), the point of contact will move to B, so that the 
angle AOB is the angle of sliding friction of the surfaces in contact at B. In the absence of a lubricant, 
there will be dry metal to metal friction. If a lubricant is present in the clearance space of the bearing 
and journal, then a thin absorbed film of the lubricant may partly separate the surface, but a continuous 
fluid film completely separating the surfaces will not exist because of slow speed. 


Oil 


YES 
(a) At rest. (b) Slow speed. (c) High speed. 
Fig. 26.4. Wedge film journal bearing. 

When the speed of the journal is increased, a continuous fluid film is established as in Fig. 26.4 
(c). The centre of the journal has moved so that the minimum film thickness is at C. It may be noted 
that from D to C in the direction of motion, the film is continually narrowing and hence is a converging 
film. The curved converging film may be considered as a wedge shaped film of a slipper bearing 
wrapped around the journal. A little consideration will show that from C to D in the direction of 
rotation, as shown in Fig. 26.4 (c), the film is diverging and cannot give rise to a positive pressure or 
a supporting action. 


Fig. 26.5. Variation of pressure in the converging film. 
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Fig. 26.5 shows the two views of the bearing shown in Fig. 26.4 (c), with the variation of 
pressure in the converging film. Actually, because of side leakage, the angle of contact on which 
pressure acts is less than 180°. 


26.8 Squeeze Film Journal Bearing 


We have seen in the previous article that in a wedge film journal bearing, the bearing carries a 
steady load and the journal rotates relative to the bearing. But in certain cases, the bearings oscillate 
or rotate so slowly that the wedge film cannot provide a satisfactory film thickness. If the load is 
uniform or varying in magnitude while acting in a constant direction, this becomes a thin film or 
possibly a zero film problem. But if the load reverses its direction, the squeeze film may develop 
sufficient capacity to carry the dynamic loads without contact between the journal and the bearing. 
Such bearings are known as squeeze film journal bearing. 


Journal bearing 


26.9 Properties of Sliding Contact Bearing Materials 


When the journal and the bearings are having proper lubrication i.e. there is a film of clean, 
non-corrosive lubricant in between, separating the two surfaces in contact, the only requirement of 
the bearing material is that they should have sufficient strength and rigidity. However, the conditions 
under which bearings must operate in service are generally far from ideal and thus the other properties 
as discussed below must be considered in selecting the best material. 


1. Compressive strength. The maximum bearing pressure is considerably greater than the average 
pressure obtained by dividing the load to the projected area. Therefore the bearing material should 
have high compressive strength to withstand this maximum pressure so as to prevent extrusion or 
other permanent deformation of the bearing. 

2. Fatigue strength. The bearing material should have sufficient fatigue strength so that it can 
withstand repeated loads without developing surface fatigue cracks. It is of major importance in 
aircraft and automotive engines. 

3. Comformability. It is the ability of the bearing material to accommodate shaft deflections 
and bearing inaccuracies by plastic deformation (or creep) without excessive wear and heating. 

4. Embeddability. It is the ability of bearing material to accommodate (or embed) small particles 
of dust, grit etc., without scoring the material of the journal. 

5. Bondability. Many high capacity bearings are made by bonding one or more thin layers of a 
bearing material to a high strength steel shell. Thus, the strength of the bond i.e. bondability is an 
important consideration in selecting bearing material. 
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6. Corrosion resistance. The bearing material 
should not corrode away under the action of lubricating 
oil. This property is of particular importance in internal- 
combustion engines where the same oil is used to 
lubricate the cylinder walls and bearings. In the cylinder, 
the lubricating oil comes into contact with hot cylinder 
walls and may oxidise and collect carbon deposits from 
the walls. 

7. Thermal conductivity. The bearing material 
should be of high thermal conductivity so as to permit 
the rapid removal of the heat generated by friction. 


8. Thermal expansion. The bearing material | 


should be of low coefficient of thermal expansion, so 
that when the bearing operates over a wide range of 
temperature, there is no undue change in the clearance. 


All these properties as discussed above are, how- 
ever, difficult to find in any particular bearing material. 
The various materials are used in practice, depending 
upon the requirement of the actual service conditions. 


Marine bearings 


The choice of material for any application must represent a compromise. The following table shows 


the comparison of some of the properties of more common metallic bearing materials. 


Table 26.1. Properties of metallic bearing materials. 


Bearing Fatigue Comfor- Embed- Anti Corrosion Thermal 
material strength mability dability scoring resistance conductivity 
Tin base Poor Good Excellent Excellent Excellent Poor 
babbit 
Lead base Poor to Good Good Good to Fair to Poor 
babbit fair excellent good 
Lead Fair Poor Poor Poor Good Fair 
bronze 
Copper Fair Poor Poor to Poor to Poor to Fair to 
lead fair fair fair good 
Aluminium Good Poor to Poor Good Excellent Fair 
fair 
Silver Excellent Almost Poor Poor Excellent Excellent 
none 
Silver lead Excellent Excellent Poor Fair to Excellent Excellent 
deposited good 


26.10 Materials used for Sliding Contact Bearings 


The materials commonly used for sliding contact bearings are discussed below : 


1. Babbit metal. The tin base and lead base babbits are widely used as a bearing material, 
because they satisfy most requirements for general applications. The babbits are recommended where 
the maximum bearing pressure (on projected area) is not over 7 to 14 N/mm. When applied in 
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automobiles, the babbit is generally used as a thin layer, 0.05 mm to 0.15 mm thick, bonded to an 
insert or steel shell. The composition of the babbit metals is as follows : 


Tin base babbits : Tin 90% ; Copper 4.5% ; Antimony 5% ; Lead 0.5%. 

Lead base babbits : Lead 84% ; Tin 6% ; Anitmony 9.5% ; Copper 0.5%. 

2. Bronzes. The bronzes (alloys of copper, tin and zinc) are generally used in the form of 
machined bushes pressed into the shell. The bush may be in one or two pieces. The bronzes commonly 
used for bearing material are gun metal and phosphor bronzes. 

The gun metal (Copper 8896 ; Tin 1096 ; Zinc 296) is used for high grade bearings subjected to 
high pressures (not more than 10 N/mm? of projected area) and high speeds. 

The phosphor bronze (Copper 80% ; Tin 10% ; Lead 9% ; Phosphorus 1%) is used for bearings 
subjected to very high pressures (not more than 14 N/mm? of projected area) and speeds. 

3. Cast iron. 'The cast iron bearings are usually used with steel journals. Such type of bearings 
are fairly successful where lubrication is adequate and the pressure is limited to 3.5 N/mm? and speed 
to 40 metres per minute. 


4. Silver. The silver and silver lead bearings are mostly used in aircraft engines where the 
fatigue strength is the most important consideration. 


5. Non-metallic bearings. The various non-metallic bearings are made of carbon-graphite, rubber, 
wood and plastics. The carbon-graphite bearings are self lubricating, dimensionally stable over a 
wide range of operating conditions, chemically inert and can operate at higher temperatures than 
other bearings. Such type of bearings are used in food processing and other equipment where 
contamination by oil or grease must be prohibited. These bearings are also used in applications where 
the shaft speed is too low to maintain a hydrodynamic oil film. 


The soft rubber bearings are used with water or other low viscosity lubricants, particularly 
where sand or other large particles are present. In addition to the high degree of embeddability and 
comformability, the rubber bearings are excellent for absorbing shock loads and vibrations. The 
rubber bearings are used mainly on marine propeller shafts, hydraulic turbines and pumps. 


The wood bearings are used in many applications where low cost, cleanliness, inattention to 
lubrication and anti-seizing are important. 


Industrial bearings. 


The commonly used plastic material for bearings is Nylon and Teflon. These materials have 
many characteristics desirable in bearing materials and both can be used dry i.e. as a zero film bearing. 
The Nylon is stronger, harder and more resistant to abrasive wear. It is used for applications in which 
these properties are important e.g. elevator bearings, cams in telephone dials etc. The Teflon is rapidly 
replacing Nylon as a wear surface or liner for journal and other sliding bearings because of the 
following properties: 
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1. It has lower coefficient of friction, about 0.04 (dry) as compared to 0.15 for Nylon. 

2. It can be used at higher temperatures up to about 315?C as compared to 120?C for Nylon. 
3. Itis dimensionally stable because it does not absorb moisture, and 

4. Itis practically chemically inert. 


26.11 Lubricants 


The lubricants are used in bearings to reduce friction between the rubbing surfaces and to carry 
away the heat generated by friction. It also protects the bearing against corrosion. All lubricants are 
classified into the following three groups : 

1. Liquid, 2. Semi-liquid, and 3. Solid. 


The liquid lubricants usually used in 
bearings are mineral oils and synthetic oils. 
The mineral oils are most commonly used 
because of their cheapness and stability. 
The liquid lubricants are usually preferred 
where they may be retained. 


A grease is a. semi-liquid lubricant 
having higher viscosity than oils. The 
greases are employed where slow speed and 
heavy pressure exist and where oil drip from 
the bearing is undesirable. The solid 
lubricants are useful in reducing friction 
where oil films cannot be maintained 
because of pressures or temperatures. They 


should be softer than materials being Wherever moving and rotating parts are present 
proper lubrication is essential to protect the moving 
parts from wear and fear and reduce friction. 


lubricated. A graphite is the most common 
of the solid lubricants either alone or mixed 
with oil or grease. 


26.12 Properties of Lubricants 


1. Viscosity. It is the measure of degree of fluidity of a liquid. It is a physical property by virtue 
of which an oil is able to form, retain and offer resistance to shearing a buffer film-under heat and 
pressure. The greater the heat and pressure, the greater viscosity is required of a lubricant to prevent 
thinning and squeezing out of the film. 

The fundamental meaning of viscosity may be understood by considering a flat plate moving 
under a force P parallel to a stationary plate, the two plates being separated by a thin film of a fluid 
lubricant of thickness h, as shown in Fig. 26.6. The particles of the lubricant adhere strongly to the 
moving and stationary plates. The motion is accompanied by a linear slip or shear between the particles 
throughout the entire height (/) of the film thickness. If A is the area of the plate in contact with the 
lubricant, then the unit shear stress is given by 


t=P/A 
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According to Newton's law of viscous flow, the magnitude of this shear stress varies directly 
with the velocity gradient (dV / dy). It is assumed that 


(a) the lubricant completely fills the space between the two surfaces, 
(b) the velocity of the lubricant at each surface is same as that of the surface, and 
(c) any flow of the lubricant perpendicular to the velocity of the plate is negligible. 
t= S utt or T=ZX— 
A ay dy 
where Zis a constant of proportionality and is known as absolute viscosity (or simply viscosity) of the 
lubricant. 


Moving plate 
Me LLL LL LEE TL LLLI LL] P 


Stationary plate 


Fig. 26.6. Viscosity. 
When the thickness of the fluid lubricant is small which is the case for bearings, then the velocity 
gradient is very nearly constant as shown in Fig. 26.6, so that 
dV V V 
d y h 
h 
T= zx*. or Z=tTX— 
h V 
When t is in N/m?, his in metres and V is in m/s, then the unit of absolute viscosity is given by 
h N 
ARS TX =— x = Ns/m? 
V m m/s 
However, the common practice is to express the absolute viscosity in mass units, such that 


]kg-m 
1 N-s/m? = : x — =1kg/m-s n Ce IN=1kg-m/s?) 
S m 


Thus the unit of absolute viscosity in S.I. units is kg / m-s. 


The viscocity of the lubricant is measured by Saybolt universal viscometer. It determines the 
time required for a standard volume of oil at a certain temperature to flow under a certain head 
through a tube of standard diameter and length. The time so determined in seconds is the Saybolt 
universal viscosity. In order to convert Saybolt universal viscosity in seconds to absolute viscosity (in 
kg / m-s), the following formula may be used: 


Z = Sp. gr. of oil [0.000 228 — a8) kg/m-s ...(i) 


where Z = Absolute viscosity at temperature ¢ in kg / m-s, and 
S = Saybolt universal viscosity in seconds. 
The variation of absolute viscosity with temperature for commonly used lubricating oils is 
shown in Table 26.2 on the next page. 
2. Oiliness. It is a joint property of the lubricant and the bearing surfaces in contact. It is a 
measure of the lubricating qualities under boundary conditions where base metal to metal is prevented 
only by absorbed film. There is no absolute measure of oiliness. 
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3. Density. This property has no relation to lubricating value but is useful in changing the 
kinematic viscosity to absolute viscosity. Mathematically 


Absolute viscosity = p x Kinematic viscosity (in m?/s) 
where p = Density of the lubricating oil. 

The density of most of the oils at 15.5°C varies from 860 to 950 kg / m? (the average value may 
be taken as 900 kg / m? ). The density at any other temperature (f) may be obtained from the following 
relation, i.e. 

p, = P454 - 0.000 657 t 
where Piss = Density of oil at 15.5? C. 

4. Viscosity index. The term viscosity index is used to denote the degree of variation of viscosity 
with temperature. 

5. Flash point. It is the lowest temperature at which an oil gives off sufficient vapour to support 
a momentary flash without actually setting fire to the oil when a flame is brought within 6 mm at the 
surface of the oil. 

6. Fire point. It is the temperature at which an oil gives off sufficient vapour to burn it 
continuously when ignited. 

7. Pour point or freezing point. It is the temperature at which an oil will cease to flow when 
cooled. 


26.13 Terms used in Hydrodynamic Journal Bearing 


A hydrodynamic journal bearing is shown in Fig. 26.7, in which O is the centre of the journal 
and O’ is the centre of the bearing. 


Let D = Diameter of the bearing, : 
Line of centres— | Bearing 


d = Diameter of the journal, 
and 


| = Length of the bearing. 


The following terms used in hydrodynamic journal 
bearing are important from the subject point of view : 


1. Diametral clearance. It the difference between the 
diameters of the bearing and the journal. Mathematically, 
diametral clearance, 

c - D-d | 
Note : The diametral clearance (c) in a bearing should be small Fig. 26.7. Hydrodynamic journal bearing. 
enough to produce the necessary velocity gradient, so that the pressure built up will support the load. Also the 
small clearance has the advantage of decreasing side leakage. However, the allowance must be made for manu- 
facturing tolerances in the journal and bushing. A commonly used clearance in industrial machines is 0.025 mm 
per cm of journal diameter. 

2. Radial clearance. It is the difference between the radii of the bearing and the journal. 
Mathematically, radial clearance, 

D-d c 
c, = R-r=—=— 
l 2 2 

3. Diametral clearance ratio. It is the ratio of the diametral clearance to the diameter of the 
journal. Mathematically, diametral clearance ratio 
c D-d 


d 


4. Eccentricity. It is the radial distance between the centre (O) of the bearing and the displaced 
centre (O^) of the bearing under load. It is denoted by e. 
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5. Minimum oil film thickness. It is the minimum distance between the bearing and the journal, 
under complete lubrication condition. It is denoted by h, and occurs at the line of centres as shown in 
Fig. 26.7. Its value may be assumed as c / 4. 


6. Attitude or eccentricity ratio. It is the ratio of the eccentricity to the radial clearance. 
Mathematically, attitude or eccentricity ratio, 


=l1- ae ese) 2) 
c C € c 

7. Short and long bearing. If the ratio of the length to the 
diameter of the journal (i.e. / / d) is less than 1, then the bearing is 
said to be short bearing. On the other hand, if / / d is greater than 
1, then the bearing is known as long bearing. 


Notes : 1. When the length of the journal (/ ) is equal to the diameter of 
the journal (d ), then the bearing is called square bearing. 


2. Because of the side leakage of the lubricant from the bearing, 
the pressure in the film is atmospheric at the ends of the bearing. The 
average pressure will be higher for a long bearing than for a short or 
square bearing. Therefore, from the stand point of side leakage, a bearing 
with a large //d ratio is preferable. However, space requirements, 
manufacturing, tolerances and shaft deflections are better met with a short 
bearing. The value of l/d may be taken as 1 to 2 for general industrial Axle bearings 
machinery. In crank shaft bearings, the / / d ratio is frequently less than 1. 


26.14 Bearing Characteristic Number and Bearing Modulus for 
Journal Bearings 
The coefficient of friction in design of bearings is of great importance, because it affords a 
means for determining the loss of power due to bearing friction. It has been shown by experiments 
that the coefficient of friction for a full lubricated journal bearing is a function of three variables, i.e. 
ZN d l 
@ —; (ii) —: and (iii) — 
p c d 
Therefore the coefficient of friction may be expressed as 


where u = Coefficient of friction, 

o = A functional relationship, 

Z = Absolute viscosity of the lubricant, in kg / m-s, 

N = Speed of the journal in r.p.m., 

p = Bearing pressure on the projected bearing area in N/mm’, 

= Load on the journal + / x d 
d = Diameter of the journal, 
| = Length of the bearing, and 
c = Diametral clearance. 
The factor ZN / p is termed as bearing characteristic number and is a dimensionless number. 

The variation of coefficient of friction with the operating values of bearing characteristic number 
(ZN / p) as obtained by McKee brothers (S.A. McKee and T.R. McKee) in an actual test of friction is 
shown in Fig. 26.8. The factor ZN/p helps to predict the performance of a bearing. 
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The part of the curve PQ 
represents the region of thick film 
lubrication. Between Q and R, the 
viscosity (Z) or the speed (N) are 
so low, or the pressure ( p) is so 
great that their combination ZN / p 
will reduce the film thickness so that 
partial metal to metal contact will 
result. The thin film or boundary 
lubrication or imperfect lubrication 
exists between R and S on the curve. 
This is the region where the 
viscosity of the lubricant ceases to 
be a measure of friction 
characteristics but the oiliness ofthe 
lubricant is effective in preventing 
complete metal to metal contact and 
seizure of the parts. 


It may be noted that the part 


PQ of the curve represents stable 
operating conditions, since from 


Clutch bearing 


any point of stability, a decrease in viscosity (Z) will reduce ZN / p. This will result in a decrease in 
coefficient of friction (u) followed by a lowering of bearing temperature that will raise the viscosity 


(Z). 


From Fig. 26.8, we see that the minimum amount of friction occurs at A and at this point the 
value of ZN/p is known as bearing modulus which is denoted by K. The bearing should not be 


operated at this value of bearing modulus, because 
a slight decrease in speed or slight increase in 
pressure will break the oil film and make the journal 
to operate with metal to metal contact. This will 
result in high friction, wear and heating. In order 
to prevent such conditions, the bearing should be 
designed for a value of ZN / p at least three times 
the minimum value of bearing modulus (K). If the 
bearing is subjected to large fluctuations of load 
and heavy impacts, the value of ZN / p = 15 K may 
be used. 

From above, it is concluded that when the 
value of ZN / p is greater than K, then the bearing 
will operate with thick film lubrication or under 
hydrodynamic conditions. On the other hand, when 
the value of ZN / p is less than K, then the oil film 
will rupture and there is a metal to metal contact. 


26.15 Coefficient of Friction for Journal Bearings 


— Coeff. of friction (u) —3* 


Thin film or 
boundary lubrication 
(unstable) 


Thick film lubrication 
(stable) 
Partial 
y | lubrication 


Fig. 26.8. Variation of coefficient of friction 


with ZN/p. 


In order to determine the coefficient of friction for well lubricated full journal bearings, 
the following empirical relation established by McKee based on the experimental data, may be 


used. 
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*Coefficient of friction, 
33 (ZN \(d W o. 
u= =I o] +k (when Z is in kg /m-s and p is in N / mm?) 
10 P c 
where Z, N, p, d and c have usual meanings as discussed in previous article, and 


k = Factor to correct for end leakage. It depends upon the ratio of length 
to the diameter of the bearing (i.e. l/d). 


= 0.002 for l/d ratios of 0.75 to 2.8. 


The operating values of ZN / p should be compared with values given in Table 26.3 to ensure 
safe margin between operating conditions and the point of film breakdown. 


Table 26.3. Design values for journal bearings. 


Operating values 
Maximum 
Machinery Bearing bearing Absolute ZN/p is L 
. ; 3 d d 
pressure (p) | Viscosity | Z in kg/m-s 
in N/mm? (Z)in | pin N/mn? 
kg/m-s 

Automobile and air-craft Main 5.6 — 12 0.007 2.1 — 0.8 — 1.8 
engines Crank pin 10.5 — 24.5 0.008 1.4 0.7 - 1.4 

Wrist pin 16 - 35 0.008 iL 12 1.5- 2.2 
Four stroke-Gas and oil Main 5-8.5 0.02 2.8 0.001 0.6 - 2 
engines Crank pin 9.8 — 12.6 0.04 1.4 0.6 — 1.5 

Wrist pin 12.6 - 15.4 0.065 0.7 1.5-2 
Two stroke-Gas and oil Main 3.5 - 5.6 0.02 9:5 0.001 0.6-2 
engines Crank pin 7 — 10.5 0.04 1.8 0.6 — 1.5 

Wrist pin 8.4 - 12.6 0.065 1.4 1.5-2 
Marine steam engines Main SE 0.03 DIS 0.001 (05g — IS 

Crank pin 4.2 0.04 Pl 0.7 — 1.2 

Wrist pin 10.5 0.05 1.4 1.2- 1.7 
Stationary, slow speed Main 2.8 0.06 2.8 0.001 1-2 
steam engines Crank pin 10.5 0.08 0.84 0.9 — 1.3 

Wrist pin 12.6 0.06 0.7 1.2- 1.5 
Stationary, high speed Main ie) 0.015 3S 0.001 1.5 -3 
steam engine Crank pin 4.2 0.030 0.84 0.9 — 1.5 

Wrist pin 12.6 0.025 (057 13- 1.7 
Reciprocating pumps Main 1.75 0.03 4.2 0.001 1-22 
and compressors Crank pin 4.2 0.05 2.8 0.9 — 1.7 

Wrist pin 7.0 0.08 1.4 1.5 - 2.0 
Steam locomotives Driving axle 3.85 0.10 4.2 0.001 1.6- 1.8 

Crank pin 14 0.04 o7 0.7-1.1 

Wrist pin 28 0.03 0.7 0.8 — 1.3 


*  Thisis the equation of a straight line portion in the region of thick film lubrication (i.e. line PQ) as shown in 


Fig. 26.8. 
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Operating values 
Maximum ; 
Machinery Bearing bearing Absolute ZN/p m = 
, ; , d d 
pressure (p) | Viscosity | Z in kg/m-s 
in N/mm? (Z) in p in N/mm? 
kg/m-s 
Railway cars Axle SS) 0.1 7 0.001 1.8-2 
Steam turbines Main 0.7-2 0.002 — 14 0.001 1-2 
0.016 
Generators, motors, Rotor 0.7 - 1.4 0.025 28 0.0013 1-2 
centrifugal pumps 
Transmission shafts Light, fixed 0.175 0.025- 7 0.001 2-3 
Self -aligning 1.05 0.060 21 2.5-4 
Heavy 1.05 2-] 2-3 
Machine tools Main 2-1 0.04 0.14 0.001 1-4 
Punching and shearing Main 28 0.10 — 0.001 1-2 
machines Crank pin 56 
Rolling Mills Main P 0.05 1.4 0.0015 1-1.5 


26.16 Critical Pressure of the Journal Bearing 


The pressure at which the oil film breaks down so that metal to metal contact begins, is known 


as critical pressure or the minimum operating pressure of the bearing. It may be obtained by the 
following empirical relation, i.e. 


Critical pressure or minimum operating pressure, 


ZN Zi 2 - 
p- ee " E N/mm ...(when Z is in kg / m-s) 


26.17 Sommerfeld Number 


The Sommerfeld number is also a dimensionless parameter used extensively in the design of 
journal bearings. Mathematically, 


ZN (dy 
Sommerfeld number = —— | — 
p «c 
For design purposes, its value is taken as follows : 


2 
LN (4) — 143 x 108 ... (when Z is in kg / m-s and p is in N / mm?) 
p \e 


26.18 Heat Generated in a Journal Bearing 


The heat generated in a bearing is due to the fluid friction and friction of the parts having 
relative motion. Mathematically, heat generated in a bearing, 


Q, = uU. W.V. N-m/s or J/s or watts (i) 
where u = Coefficient of friction, 


W = Load on the bearing in N, 
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= Pressure on the bearing in N/mm? x Projected area of the bearing 
in mm? = p (I x d), 


V = Rubbing velocity in m/s = 2 , dis in metres, and 
N = Speed of the journal in r.p.m. 

After the thermal equilibrium has been reached, heat will be dissipated at the outer surface of 
the bearing at the same rate at which it is generated in the oil film. The amount of heat dissipated will 
depend upon the temperature difference, size and mass of the radiating surface and on the amount of 
air flowing around the bearing. However, for the convenience in bearing design, the actual heat 
dissipating area may be expressed in terms of the projected area of the journal. 

Heat dissipated by the bearing, 

Q; = CA (t, — t) J/s or W eC LJ/s=1W) ..(i) 
where C = Heat dissipation coefficient in Wi/m2/°C, 
A = Projected area of the bearing in m? = I x d, 
t, = Temperature of the bearing surface in °C, and 
t, = Temperature of the surrounding air in °C. 
The value of C have been determined experimentally by O. Lasche. The values depend upon the 


type of bearing, its ventilation and the temperature difference. The average values of C (in W/m?/*C), 
for journal bearings may be taken as follows : 


For unventilated bearings (Still air) 

= 140 to 420 W/m?/^C 
For well ventilated bearings 

= 490 to 1400 W/m2/°C 


It has been shown by experiments that the temperature of the bearing (t,) is approximately 
mid-way between the temperature of the oil film (15) and the temperature of the outside air (7,). In 
other words, 


1 
sd es (fo — 1) 


Notes : 1. For well designed bearing, the temperature of the oil film should not be more than 60?C, otherwise the 
viscosity of the oil decreases rapidly and the operation of the bearing is found to suffer. The temperature of the 
oil film is often called as the operating temperature of the bearing. 

2. [n case the temperature of the oil film is higher, then the bearing is cooled by circulating water through 
coils built in the bearing. 

3. The mass of the oil to remove the heat generated at the bearing may be obtained by equating the heat 
generated to the heat taken away by the oil. We know that the heat taken away by the oil, 


Q, 
where m = Mass of the oil in kg / s, 
S = Specific heat of the oil. Its value may be taken as 1840 to 2100 J / kg / °C, 


m.S.t J/s or watts 


t = Difference between outlet and inlet temperature of the oil in °C. 


26.19 Design Procedure for Journal Bearing 


The following procedure may be adopted in designing journal bearings, when the bearing load, 
the diameter and the speed of the shaft are known. 
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1. Determine the bearing length by choosing a ratio of 
l/d from Table 26.3. 


2. Check the bearing pressure, p = W//.d from Table 
26.3 for probable satisfactory value. 


3. Assume a lubricant from Table 26.2 and its operating 
temperature (f). This temperature should be between 
26.5°C and 60°C with 82°C as a maximum for high 
temperature installations such as steam turbines. 


4. Determine the operating value of ZN / p for the 
assumed bearing temperature and check this value with 
corresponding values in Table 26.3, to determine the 
possibility of maintaining fluid film operation. 


Journal bearings are used in 
helicopters, primarily in the main 
5. Assume a clearance ratio c / d from Table 26.3. rotor axis and in the landing gear 


Determine the coefficient of friction (u) by using the pe HOST 


relation as discussed in Art. 26.15. 
7. Determine the heat generated by using the relation as discussed in Art. 26.18. 


Determine the heat dissipated by using the relation as discussed in Art. 26.18. 
9. Determine the thermal equilibrium to see that the heat dissipated becomes atleast equal to 
the heat generated. In case the heat generated is more than the heat dissipated then either the 
bearing is redesigned or it is artificially cooled by water. 
Example 26.1. Design a journal bearing for a centrifugal pump from the following data : 
Load on the journal = 20 000 N; Speed of the journal = 900 r.p.m.; Type of oil is SAE 10, for 
which the absolute viscosity at 55°C = 0.017 kg / m-s; Ambient temperature of oil = 15.5°C ; Maximum 
bearing pressure for the pump = 1.5 N/mm?. 

Calculate also mass of the lubricating oil required for artificial cooling, if rise of temperature 
of oil be limited to 10°C. Heat dissipation coefficient = 1232 W/m?^ C. 

Solution. Given : W = 20 000 N ; N= 900 r.p.m. ; t, = 55°C ; Z = 0.017 kg/m-s ; t, = 15.5°C ; 

p-1.5N/mm?;t-10*C ; C = 1232 W/m?^C 
The journal bearing is designed as discussed in the following steps : 
1. First of all, let us find the length of the journal ( / ). Assume the diameter of the journal ( d ) 
as 100 mm. From Table 26.3, we find that the ratio of / / d for centrifugal pumps varies from 1 to 2. 
Let us take //d = 1.6. 

i | = 1.6d=1.6x 100 = 160 mm Ans. 

2. We know that bearing pressure, 


W 20 000 


P = Id 160x100 
Since the given bearing pressure for the pump is 1.5 N/mm?, therefore the above value of p is 
safe and hence the dimensions of / and d are safe. 


Z.N _ 0.017 x 900 


=1.25 


3 = 12.24 
p 1.25 
From Table 26.3, we find that the operating value of 
ZN _ 28 


We have discussed in Art. 26.14, that the minimum value of the bearing modulus at which the 
oil film will break is given by 
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3K- ZN 
P 
-. Bearing modulus at the minimum point of friction, 
. 1|£5|-1,.58-933 
3i p 3 


Since the calculated value of bearing characteristic number an = 1224) is more than 9.33, 


therefore the bearing will operate under hydrodynamic conditions. 
4. From Table 26.3, we find that for centrifugal pumps, the clearance ratio (c/d) 
= 0.0013 
5. We know that coefficient of friction, 


u= a (2)««- = x 12.24 x : + 0.002 
1084 p jc 108 0.0013 
= 0.0031 + 0.002 = 0.0051 ... [From Art. 26.13, k = 0.002] 
6. Heat generated, 
Td.N nd. N 
=uUuWV=uW W MEZ 
a even (2 ee 
l 
= 0.0051 x 20000 Gm RUIS 200) = 480.7 W 
... (d is taken in metres) 
7. Heat dissipated, 
Q, = CA (t, —t) = Cl.d (t, — t,) W aCA slad 


We know that 
(t-t) = 4 (t-4,)= $ (55% 15.5°) 2 19.75°C 
Q, = 1232 x 0.16 x 0.1 x 19.75 = 389.3 W 


... (L and d are taken in metres) 


We see that the heat generated is greater than the heat dissipated which indicates that the bear- 
ing is warming up. Therefore, either the bearing should be redesigned by taking t} = 63°C or the 
bearing should be cooled artificially. 


We know that the amount of artificial cooling required 
= Heat generated — Heat dissipated = Q, -Qı 
= 480.7 — 389.3 = 91.4 W 
Mass of lubricating oil required for artificial cooling 
Let m = Mass of the lubricating oil required for artificial cooling in kg / s. 
We know that the heat taken away by the oil, 
Q, = m.S.t =m x 1900 x 10 = 19 000 m W 
.. [77 Specific heat of oil (S) = 1840 to 2100 J/kg/°C] 
Equating this to the amount of artificial cooling required, we have 
19 000 m = 91.4 
m = 91.4 / 19 000 = 0.0048 kg / s = 0.288 kg / min Ans. 


PEE 26.2. The load on the journal bearing is 150 kN due to turbine shaft of 300 mm 
diameter running at 1800 r.p.m. Determine the following : 
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1. Length of the bearing if the allowable bearing pressure is 1.6 N/mm?, and 

2. Amount of heat to be removed by the 
lubricant per minute if the bearing temperature is 
60°C and viscosity of the oil at 60°C is 0.02 
kg/m-s and the bearing clearance is 0.25 mm. 

Solution. Given: W= 150 kN = 150 x 10°N; 
d = 300 mm = 0.3 m; N = 1800 r.p.m.; 
p= 1.6 N/mm? ; Z = 0.02 kg / m-s ; c = 0.25 mm 
1. Length of the bearing 

Let l = Length of the bearing in mm. 

We know that projected bearing area, 

A =l1x d= 1x 300 = 300/ mm? 
and allowable bearing pressure ( p), 


W 50x10! 500 
A 3001 l 
l= 500 / 1.6 2312.5 mm Ans. Axle bearing 
2. Amount of heat to be removed by the lubricant 
We know that coefficient of friction for the bearing, 


_ 33 (ZN (£)««- 33 (9.02% 1800) ( 399.) + 0.002 
JU. p J\c 108 1.6 0.25 


= 0.009 + 0.002 = 0.011 


1.6- 


Rubbing velocity, 


p= zd.N _nx0.3x1800 _ 28.3 m/s 
60 60 


-. Amount of heat to be removed by the lubricant, 
Q, = p.W.V 20.011 x 150 x 10? x 28.3 2 46 695 J/s or W 
= 46.695 kW Ans. .. (1 J/s=1 W) 


Example 26.3. A full journal bearing of 50 mm diameter and 100 mm long has a bearing 
pressure of 1.4 N/mm’. The speed of the journal is 900 r.p.m. and the ratio of journal diameter to the 
diametral clearance is 1000. The bearing is lubricated with oil whose absolute viscosity at the 
operating temperature of 75°C may be taken as 0.011 kg/m-s. The room temperature is 35°C. Find : 
1. The amount of artificial cooling required, and 2. The mass of the lubricating oil required, if the 
difference between the outlet and inlet temperature of the oil is 10°C. Take specific heat of the oil as 
1850 J / kg / C. 

Solution. Given : d = 50 mm = 0.05 m ;/2 100 mm = 0.1 m; p= 1.4 N/mm? ; N = 900 r.p.m. ; 
d/c=1000;Z=0.011 kg/ m-s ; tj = 75?C ; 1,2 35°C ; t= 10°C ; S= 1850 J/kg / °C 
1. Amount of artificial cooling required 

We know that the coefficient of friction, 


pe em (4) TER E x 2) (1000) + 0.002 
10° ( p J\e TAGET 
= 0.002 33 + 0.002 = 0.004 33 


Load on the bearing, 
W = p x d.l = 1.4 x 50 x 100 = 7000 N 
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and rubbing velocity, 
td.N _ Tx 0.05 x 900 


= mL — = 2.36 m/s 
E 60 60 


-. Heat generated, 

Q, = H.W. V = 0.004 33 x 7000 x 2.36 = 71.5 J/s 
Let t, = Temperature of the bearing surface. 
We know that 


(f, 1) = = (fg- 1) ras 35) = 20°C 


Since the value of heat dissipation coefficient (C ) for unventilated bearing varies from 140 to 
420 W/m?/°C, therefore let us take 


C = 280 W/m? ^ C 
We know that heat dissipated, 
Q, = CA (t, - t.) = C.Ld (t - t.) 
= 280 x 0.05 x 0.1 x 20 = 28 W = 28 J/s 
-. Amount of artificial cooling required 
= Heat generated — Heat dissipated = Q, -Q, 
= 71.5 —28 = 43.5 J/s or W Ans. 
2. Mass of the lubricating oil required 
Let m = Mass of the lubricating oil required in kg / s. 
We know that heat taken away by the oil, 
Q, = m.S.t =m x 1850 x 10 = 18 500 m J/s 
Since the heat generated at the bearing is taken away by the lubricating oil, therefore equating 
Q, - =Q, or 71.5218 500 m 
m = 71.5 / 18 500 = 0.003 86 kg / s = 0.23 kg / min Ans. 

ENE 26.4. A 150 mm diameter shaft supporting a load of 10 kN has a speed of 1500 
rp.m. The shaft runs in a bearing whose length is 1.5 times the shaft diameter. If the diametral 
clearance of the bearing is 0.15 mm and the absolute viscosity of the oil at the operating temperature 
is 0.011 kg/m-s, find the power wasted in friction. 

Solution. Given: d= 150 mm 20.15 m; W= 10 KN = 10 000 N ; N= 1500 rp.m. ;/=1.5d; 
c=0.15 mm; Z = 0.011 kg/m-s 

We know that length of bearing, 

l = 1.5 d= 1.5 x 150 = 225 mm 


~ Bearing pressure, 
ge = 0006 wae 
A Lld 225x150 


We know that coefficient of friction, 


m 33 (ZN B NES [20111500 ) C50.) 0.002 
10* 4 3» Je 108 0.296 0.15 
= 0.018 + 0.002 = 0.02 
nd.N  nx0.15x1500 


d rubbi locity, V= = = 11.78 m/s 
and rubbing velocity 60 60 
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Advantages 
1. Low starting and running friction except at very high speeds. 
Ability to withstand momentary shock loads. 
Accuracy of shaft alignment. 
Low cost of maintenance, as no lubrication is required while in service. 
Small overall dimensions. 
Reliability of service. 
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Easy to mount and erect. 
8. Cleanliness. 

Disadvantages 
1. More noisy at very high speeds. 
2. Low resistance to shock loading. 
3. More initial cost. 


4. Design of bearing housing complicated. 


27.3 Types of Rolling Contact Bearings 
Following are the two types of rolling contact bearings: 
1. Ball bearings; and 2. Roller bearings. 
We 
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WKN 


Ball 


LA iw 
NNNNS 


Outer race 


Retainer 
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(a) Ball bearing. (b) Roller bearing. (a) Radial ball bearing. (b) Thrust ball bearing. 
Fig. 27.1. Ball and roller bearings. Fig. 27.2. Radial and thrust ball bearings. 

The ball and roller bearings consist of an inner race which is mounted on the shaft or journal 
and an outer race which is carried by the housing or casing. In between the inner and outer race, there 
are balls or rollers as shown in Fig. 27.1. A number of balls or rollers are used and these are held at 
proper distances by retainers so that they do not touch each other. The retainers are thin strips and is 
usually in two parts which are assembled after the balls have been properly spaced. The ball bearings 
are used for light loads and the roller bearings are used for heavier loads. 

The rolling contact bearings, depending upon the load to be carried, are classified as : 

(a) Radial bearings, and (5) Thrust bearings. 

The radial and thrust ball bearings are shown in Fig. 27.2 (a) and (b) respectively. When a ball 
bearing supports only a radial load (W,), the plane of rotation of the ball is normal to the centre line 
of the bearing, as shown in Fig. 27.2 (a). The action of thrust load (W,) is to shift the plane of rotation 
of the balls, as shown in Fig. 27.2 (b). The radial and thrust loads both may be carried simultaneously. 


27.4 Types of Radial Ball Bearings 
Following are the various types of radial ball bearings: 
1. Single row deep groove bearing. A single row deep groove bearing is shown in Fig. 27.3 (a). 
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(a) Single row deep (b) Filling notch. (c) Angular contact. (d) Double row. (e) Self-aligning. 
groove. 


Fig. 27.3. Types of radial ball bearings. 


During assembly of this bearing, the races are offset and the maximum number of balls are placed 
between the races. The races are then centred and the balls are symmetrically located by the use of a 
retainer or cage. The deep groove ball bearings are used due to their high load carrying capacity and 
suitability for high running speeds. 
The load carrying capacity of a ball 
bearing is related to the size and 
number of the balls. 

2. Filling notch bearing. A 
filling notch bearing is shown in Fig. 
27.3 (b). These bearings have notches 
in the inner and outer races which 
permit more balls to be inserted than 
in a deep groove ball bearings. The 
notches do not extend to the bottom 
of the race way and therefore the balls 
inserted through the notches must be 
forced in position. Since this type of 
bearing contains larger number of balls 
than a corresponding unnotched one, 
therefore it has a larger bearing load 
capacity. 

3. Angular contact bearing. An angular contact bearing is shown in Fig. 27.3 (c). These bearings 
have one side of the outer race cut away to permit the insertion of more balls than in a deep groove 
bearing but without having a notch cut into both races. This permits the bearing to carry a relatively 
large axial load in one direction while also carrying a relatively large radial load. The angular contact 
bearings are usually used in pairs so that thrust loads may be carried in either direction. 

4. Double row bearing. A double row bearing is shown in Fig. 27.3 (d). These bearings may be 
made with radial or angular contact between the balls and races. The double row bearing is appreciably 
narrower than two single row bearings. The load capacity of such bearings is slightly less than twice 
that of a single row bearing. 

5. Self-aligning bearing. A self-aligning bearing is shown in Fig. 27.3 (e). These bearings 
permit shaft deflections within 2-3 degrees. It may be noted that normal clearance in a ball bearing are 
too small to accommodate any appreciable misalignment of the shaft relative to the housing. If the 
unit is assembled with shaft misalignment present, then the bearing will be subjected to a load that 
may be in excess of the design value and premature failure may occur. Following are the two types of 
self-aligning bearings : 

(a) Externally self-aligning bearing, and (5) Internally self-aligning bearing. 


Radial ball bearing 


In an externally self-aligning bearing, the outside diameter of the outer race is ground to a 
spherical surface which fits in a mating spherical surface in a housing, as shown in Fig. 27.3 (e). In 
case of internally self-aligning bearing, the inner surface of the outer race is ground to a spherical 
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surface. Consequently, the outer race may be displaced through a small angle without interfering with 
the normal operation of the bearing. The internally self-aligning ball bearing is interchangeable with 
other ball bearings. 


27.5 Standard Dimensions and Designations of Ball Bearings 


The dimensions that have been standardised on an international basis are shown in Fig. 27.4. 
These dimensions are a function of the bearing bore and the series of bearing. The standard dimensions 
are given in millimetres. There is no standard for the size and 


number of steel balls. *- Wii 


: : | (H | 
The bearings are designated by a number. In general, the "o 


number consists of atleast three digits. Additional digits or letters 
are used to indicate special features e.g. deep groove, filling notch 
etc. The last three digits give the series and the bore of the bearing. 
The last two digits from 04 onwards, when multiplied by 5, give 
the bore diameter in millimetres. The third from the last digit 
designates the series of the bearing. The most common ball 


bearings are available in four series as follows : 
e 


Outside 
diameter 


1. Extra light (100), 2. Light (200), EC) 
3. Medium (300), 4. Heavy (400) y KA 
Notes : 1. If a bearing is designated by the number 305, it means that the þe Width» 


bearing is of medium series whose bore is 05 x 5, i.e., 25 mm. FED SU dU 


2. The extra light and light series are used where the loads are of ball bearings. 
moderate and shaft sizes are comparatively large and also where available 
space is limited. 


3. The medium series has a capacity 30 to 40 per cent over the light series. 


4. The heavy series has 20 to 30 per cent capacity over the medium series. This series is not used 
extensively in industrial applications. 


Oilless bearings made using powder metallergy. 
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The following table shows the principal dimensions for radial ball bearings. 


Table 27.1. Principal dimensions for radial ball bearings. 


Bearing No. Bore (mm) Outside diameter Width (mm) 
200 10 30 9 
300 35 11 
201 12 32 10 
301 37 12 
202 isi 33 11 
302 42 13 
203 i 40 12 
303 47 14 
403 62 iy 
204 20 47 14 
304 52 14 
404 72 19 
205 25 52 isi 
305 62 iy 
405 80 2l 
206 30 62 16 
306 12 19 
406 90 23 
207 35} 12 7 
307 80 21 
407 100 DS 
208 40 80 18 
308 90 23 
408 110 2] 
209 45 85 19 
309 100 DS 
409 120 29 
210 50 90 20 
310 110 27 
410 130 Bil 
Dili S5 100 21 
311 120 29 
411 140 55 
DII 60 110 22 
SP 130 31 
412 150 35 
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Bearing No. Bore (mm) Outside diameter Width (mm) 
213 65 120 23 
3113 140 33 
413 160 Bi 
214 70 125 24 
314 150 B5 
414 180 42 
215 15 130 25 
315 160 3 
415 190 45 
216 80 140 26 
316 170 39 
416 200 48 
217 85 150 28 
SI] 180 4l 
417 210 32 
218 90 160 30 
318 190 43 
418 225 54 


27.6 Thrust Ball Bearings 

The thrust ball bearings are used for carrying thrust loads exclusively and at speeds below 2000 
r.p.m. At high speeds, centrifugal force causes the balls to be forced out of the races. Therefore at 
high speeds, it is recommended that angular contact ball bearings should be used in place of thrust 


ball bearings. 


(a) Single direction thrust ball bearing. 
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(b) Double direction thrust ball bearing. 


Fig. 27.5. Thrust ball bearing. 


A thrust ball bearing may be a single direction, flat face as shown in Fig. 27.5 (a) or a double 
direction with flat face as shown in Fig. 27.5 (b). 


27.7 Types of Roller Bearings 


Following are the principal types of roller bearings : 


1. Cylindrical roller bearings. A cylindrical roller bearing is shown in Fig. 27.6 (a). These 
bearings have short rollers guided in a cage. These bearings are relatively rigid against radial motion 
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and have the lowest coefficient of friction of any form of heavy duty rolling-contact bearings. Such 
type of bearings are used in high speed service. 


Radial ball bearing 


2. Spherical roller bearings. A spherical roller bearing is shown in Fig. 27.6 (b). These bearings 
are self-aligning bearings. The self-aligning feature is achieved by grinding one of the races in the 


form of sphere. These bearings can normally tolerate angular misalignment in the order of + 1 5 and 
when used with a double row of rollers, these can carry thrust loads in either direction. 


Ld 
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(a) Cylindrical roller. (b) Spherical roller. (c) Needle roller. (d) Tapered roller. 
Fig. 27.6. Types of roller bearings. 


3. Needle roller bearings. A needle roller bearing is shown in 
Fig. 27.6 (c). These bearings are relatively slender and completely 
fill the space so that neither a cage nor a retainer is needed. These 
bearings are used when heavy loads are to be carried with an oscillatory 
motion, e.g. piston pin bearings in heavy duty diesel engines, where 
the reversal of motion tends to keep the rollers in correct alignment. 

4. Tapered roller bearings. A tapered roller bearing is shown 
in Fig. 27.6 (d). The rollers and race ways of these bearings are 
truncated cones whose elements intersect at a common point. Such 
type of bearings can carry both radial and thrust loads. These bearings 
are available in various combinations as double row bearings and 
with different cone angles for use with different relative magnitudes 
of radial and thrust loads. 


Cylindrical roller bearings 
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Spherical roller Needle roller bearings Tapered roller bearings 
bearings 


27.8 Basic Static Load Rating of Rolling Contact Bearings 


The load carried by a non-rotating bearing is called a static load. The basic static load rating is 
defined as the static radial load (in case of radial ball or roller bearings) or axial load (in case of thrust 
ball or roller bearings) which corresponds to a total permanent deformation of the ball (or roller) and 
race, at the most heavily stressed contact, equal to 0.0001 times the ball (or roller) diameter. 

In single row angular contact ball bearings, the basic static load relates to the radial component 
of the load, which causes a purely radial displacement of the bearing rings in relation to each other. 
Note : The permanent deformation which appear in balls (or rollers) and race ways under static loads of moderate 
magnitude, increase gradually with increasing load. The permissible static load is, therefore, dependent upon 
the permissible magnitude of permanent deformation. Experience shows that a total permanent deformation of 
0.0001 times the ball (or roller) diameter, occurring at the most heavily loaded ball (or roller) and race contact 
can be tolerated in most bearing applications without impairment of bearing operation. 

In certain applications where subsequent rotation of the bearing is slow and where smoothness and friction 
requirements are not too exacting, a much greater total permanent deformation can be permitted. On the other 
hand, where extreme smoothness is required or friction requirements are critical, less total permanent deformation 
may be permitted. 

According to IS : 3823-1984, the basic static load rating (Cy) in newtons for ball and roller 
bearings may be obtained as discussed below : 

1. For radial ball bearings, the basic static radial load rating (Cp) is given by 

Cy od ED cos d 
where i = Number of rows of balls in any one bearing, 

Z - Number of ball per row, 

D - Diameter of balls, in mm, 

& = Nominal angle of contact i.e. the nominal angle between the line of 
action of the ball load and a plane perpendicular to the axis of bearing, 
and 

fo = A factor depending upon the type of bearing. 

The value of factor ( fọ ) for bearings made of hardened steel are taken as follows : 

fo = 3.33, for self-aligning ball bearings 

= 12.3, for radial contact and angular contact groove ball bearings. 
2. For radial roller bearings, the basic static radial load rating is given by 
C, = fy i Z.L.D cos Q 
where i = Number of rows of rollers in the bearing, 

Z - Number of rollers per row, 

L, = Effective length of contact between one roller and that ring (or washer) 
where the contact is the shortest (in mm). It is equal to the overall length 


of roller minus roller chamfers or grinding undercuts, 
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D = Diameter of roller in mm. It is the mean diameter in case of tapered 
rollers, 
& = Nominal angle of contact. It is the angle between the line of action of 


the roller resultant load and a plane perpendicular to the axis of the 
bearing, and 


fo = 21.6, for bearings made of hardened steel. 
3. For thrust ball bearings, the basic static axial load rating is given by 
Cy fuz D^ sin a 
where Z = Number of balls carrying thrust in one direction, and 
fo = 49, for bearings made of hardened steel. 
4. For thrust roller bearings, the basic static axial load rating is given by 
C, =fy-Zl,-D.sin & 
where Z = Number of rollers carrying thrust in one direction, and 


fo = 98.1, for bearings made of hardened steel. 


27.9 Static Equivalent Load for Rolling Contact Bearings 


The static equivalent load may be defined as the static radial load (in case of radial ball or roller 
bearings) or axial load (in case of thrust ball or roller bearings) which, if applied, would cause the 
same total permanent deformation at the most heavily stressed ball (or roller) and race contact as that 
which occurs under the actual conditions of loading. 


More cylindrical roller bearings 


The static equivalent radial load (W ,) for radial or roller bearings under combined radial and 


axial or thrust loads is given by the greater magnitude of those obtained by the following two 
equations, i.e. 


1. Wor = Xo: Wp + Y,W, ; and 2. Wor = We 
where W, = Radial load, 
W, = Axial or thrust load, 
X = Radial load factor, and 
Y, = Axial or thrust load factor. 


According to IS : 3824 — 1984, the values of X, and Y, for different bearings are given in the 
following table : 
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Table 27.2. Values of X, and Y, for radial bearings. 


S.No. Type of bearing Single row bearing Double row bearing 
Xe Va X, no 
1. | Radial contact groove ball bearings 0.60 0.50 0.60 0.50 
2. | Self aligning ball or roller bearings 0.50 0.22 cot 0 1 0.44 cot 0 
and tapered roller bearing 
3. | Angular contact groove bearings : 
Gis ils? 0.50 0.46 1 0192 
(oues XU 0.50 0.42 1 0.84 
C= 25° 0.50 0.38 1 0.76 
(9, es stl? 0.50 0.33 1 0.66 
(Que 3s 0.50 0.29 1 0.58 
a = 40? 0.50 0.26 1 0.52 
a= 45? 0.50 0.22 1 0.44 


Notes : 1. The static equivalent radial load (W,,) is always greater than or equal to the radial load (Wp). 


2. For two similar single row angular contact ball bearings, mounted ‘face-to-face’ or ‘back-to-back’, use 
the values of X, and Y, which apply to a double row angular contact ball bearings. For two or more similar single 
row angular contact ball bearings mounted ‘in tandem’, use the values of X, and Y, which apply to a single row 
angular contact ball bearings. 


3. The static equivalent radial load (Wp) for all cylindrical roller bearings is equal to the radial load (Wp). 


4. The static equivalent axial or thrust load (W),) for thrust ball or roller bearings with angle of contact 
a # 90°, under combined radial and axial loads is given by 


Wo, = 2.3 Wy.tan a+ Wy 


This formula is valid for all ratios of radial to axial load in the case of direction bearings. For single 
direction bearings, it is valid where W, / W, < 0.44 cot a. 


5. The thrust ball or roller bearings with œ = 90? can support axial loads only. The static equivalent axial 
load for this type of bearing is given by 


Woa = Wa 


27.10 Life of a Bearing 


The life of an individual ball (or roller) bearing may be defined as the number of revolutions (or 
hours at some given constant speed) which the bearing runs before the first evidence of fatigue 
develops in the material of one of the rings or any of the rolling elements. 


The rating life of a group of apparently identical ball or roller bearings is defined as the number 
of revolutions (or hours at some given constant speed) that 90 per cent of a group of bearings will 
complete or exceed before the first evidence of fatigue develops (i.e. only 10 per cent of a group of 
bearings fail due to fatigue). 


The term minimum life is also used to denote the rating life. It has been found that the life 
which 50 per cent of a group of bearings will complete or exceed is approximately 5 times the life 
which 90 per cent of the bearings will complete or exceed. In other words, we may say that the 
average life of a bearing is 5 times the rating life (or minimun life). It may be noted that the longest 
life of a single bearing is seldom longer than the 4 times the average life and the maximun life of a 
single bearing is about 30 to 50 times the minimum life. 
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The life of bearings for various types of machines is given in the following table. 


Table 27.3. Life of bearings for various types of machines. 


S. No. Application of bearing Life of bearing, in hours 
]. | Instruments and apparatus that are rarely used 
(a) Demonstration apparatus, mechanism for operating 500 


sliding doors 
(b) Aircraft engines 1000 — 2000 
2. | Machines used for short periods or intermittently and whose 4000 — 8000 
breakdown would not have serious consequences e.g. hand 
tools, lifting tackle in workshops, and operated machines, 
agricultural machines, cranes in erecting shops, domestic 
machines. 
3. | Machines working intermittently whose breakdown would have 8000 — 12 000 
serious consequences e.g. auxillary machinery in power 
stations, conveyor plant for flow production, lifts, cranes for 
piece goods, machine tools used frequently. 
4. | Machines working 8 hours per day and not always fully utilised 12 000 — 20 000 
e.g. Stationary electric motors, general purpose gear units. 
5. | Machines working 8 hours per day and fully utilised e.g. 20 000 — 30 000 
machines for the engineering industry, cranes for bulk goods, 
ventilating fans, counter shafts. 
6. | Machines working 24 hours per day e.g. separators, compressors, 40 000 — 60 000 
pumps, mine hoists, naval vessels. 
7. | Machines required to work with high degree of reliability 100 000 — 200 000 
24 hours per day e.g. pulp and paper making machinery, public 


power plants, mine-pumps, water works. 


27.11 Basic Dynamic Load Rating of Rolling Contact Bearings 


The basic dynamic load rating is defined as the constant stationary radial load (in case of radial 
ball or roller bearings) or constant axial load (in case of thrust ball or roller bearings) which a group 
of apparently identical bearings with stationary outer ring can endure for a rating life of one million 
revolutions (which is equivalent to 500 hours of operation at 33.3 r.p.m.) with only 10 per cent 
failure. 


The basic dynamic load rating (C) in newtons for ball and roller bearings may be obtained as 
discussed below : 


1. According to IS: 3824 (Part 1)— 1983, the basic dynamic radial load rating for radial and 
angular contact ball bearings, except the filling slot type, with balls not larger than 25.4 mm in diameter, 
is given by 


C = f, (i cos œ)°7 Z2 us 
and for balls larger than 25.4 mm in diameter, 


C = 3.647 f, (i cos œ)®7 2p 
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where f. =A factor, depending upon the geometry of the bearing components, the 
accuracy of manufacture and the material used. 
and i, Z, D and & have usual meanings as discussed in Art. 27.8. 


Ball bearings 


2. According to IS: 3824 (Part 2)-1983, the basic dynamic radial load rating for radial roller 
bearings is given by 
C x L, cos a” Zn D?9?1 
3. According to IS: 3824 (Part 3)-1983, the basic dynamic axial load rating for single row, 
single or double direction thrust ball bearings is given as follows : 
(a) For balls not larger than 25.4 mm in diameter and a = 90°, 
C ep une. pm 
(b) For balls not larger than 25.4 mm in diameter and o + 90°, 
C =f, (cos x)? tan oi, Z^ . DY 
(c) For balls larger than 25.4 mm in diameter and a = 90? 
C=3.647 f, 2" DM 
(d) For balls larger than 25.4 mm in diameter and & + 90°, 
C 53,647 f, (cos a)” tama, 725, pI4 


4. According to IS: 3824 (Part 4)-1983, the basic dynamic axial load rating for single row, 
single or double direction thrust roller bearings is given by 


C =f. 1/8, 234, pam ... (when œ = 90°) 
=f (L,cos a)” tan a. Z4, D227 ... (when 0 # 90°) 
c € 


27.12 Dynamic Equivalent Load for Rolling Contact Bearings 

The dynamic equivalent load may be defined as the constant stationary radial load (in case of 
radial ball or roller bearings) or axial load (in case of thrust ball or roller bearings) which, if applied 
to a bearing with rotating inner ring and stationary outer ring, would give the same life as that which 
the bearing will attain under the actual conditions of load and rotation. 
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The dynamic equivalent radial load (W ) for radial and angular contact bearings, except the 
filling slot types, under combined constant radial load (W,) and constant axial or thrust load (W) is 
given by 

W zX.V.Wy- Y.W, 
where V =A rotation factor, 
= ], for all types of bearings when the inner race is rotating, 
= |, for self-aligning bearings when inner race is stationary, 
= 1.2, for all types of bearings except self-aligning, when inner race is 
stationary. 

The values of radial load factor (X ) and axial or thrust load factor (Y ) for the dynamically 

loaded bearings may be taken from the following table: 


Table 27.4. Values of X and Y for dynamically loaded bearings. 


T b i G ificati Wa <e Wa >e 
ype of bearing pecifications Ws Wr e 
X n X Y 
Wa 
Deep groove Yen = 0.025 2.0 0.22 
ball bearing = 0.04 1.8 0.24 
= 0.07 1.6 0.27 
= 0.13 1 0 0.56 1.4 0.31 
= (0125) 172 0.37 
= 0.50 1.0 0.44 
Angular contact Single row 0 0.35 0.57 1.14 
ball bearings Two rows in tandem 0 0.35 OST 1.14 
Two rows back to back 1 0.55 0.57 0.93 1.14 
Double row 0.73 0.62 1.17 | 0.86 
Self-aligning Light series : for bores 
bearings 
10 — 20 mm 123 2.0 0.50 
25-35 1 1.7 6.5 2.6 0.37 
40 — 45 2.0 3.1 0.31 
50 - 65 23 So 0.28 
70 — 100 2.4 3.8 0.26 
105 — 110 23 S 0.28 
Medium series : for bores 
12mm 1.0 0.65 1.6 0.63 
15 - 20 1.2 1.9 0.52 
25 — 50 ILS 23 0.43 
55 — 90 1.6 25 0.39 
Spherical roller For bores : 
bearings 25 — 35 mm 2.1 3.1 0.32 
40 — 45 1 25 0.67 357 0.27 
50 — 100 2.) 4.4 023 
100 — 200 2.6 39) 0.26 
Taper roller For bores : 
bearings 30 — 40 mm 1.60 | 0.37 
45 — 110 1 0 0.4 1.45 | 0.44 
120 — 150 1.35 | 0.41 
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27.13 Dynamic Load Rating for Rolling Contact Bearings under Variable 
Loads 

The approximate rating (or service) life of ball or roller bearings is based on the fundamental 

equation, : 


cY 
L- t3 x10 revolutions 


LN” 
or C-2W|-—z 
10 
where L - Rating life, 


C - Basic dynamic load rating, 
W z Equivalent dynamic load, 
and 
k = 3, for ball bearings, 
= 10/3, for roller bearings. 
The relationship between the life in revolutions (L) and 
the life in working hours (Ly) is given by 
L =60N.L,, revolutions 
where N is the speed in r.p.m. 
Now consider a rolling contact bearing subjected to variable loads. Let W,, W,, W, etc., be the 
loads on the bearing for successive n}, 7), n4 etc., number of revolutions respectively. 
If the bearing is operated exclusively at the constant load W}, then its life is given by 


Roller bearing 


k 
Ly = r3 x 106 revolutions 


-. Fraction of life consumed with load W} acting for n, number of revolutions is 


m MY. 
L "cj ' 1) 
m W. 1 
7, =Nn 2 ——— 
ho c C ) 10° 
and fraction of life consumed with load W, acting for n, number of revolutions is 


mo (WY 
L, "55€ J "109 


But A a. T + L 
L = L + 
ILA Ln (M te 1 
or C 106 3 C 10° B aseert =1 
2 Es (W,)E + n4 QV + sso C x 108 (i) 


If an equivalent constant load (W) is acting for n number of revolutions, then 


EC EMT 
n -iw x 10 
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n (Wy 2 C*x 106 ... (ii) 
where n =n, +n, +n, t+... 
From equations (i) and (ii), we have 
ni (wW) +n, (W,)* +n, (W,)* cece -zn(Wy 


r " : " Wk 
W = o RC 
Substituting n = N, +N, + Nyt ss , and k = 3 for ball bearings, we have 
" 1/3 
n (WÈ + ny (QW, + m Xy +... 
Wz ny +m +m +... 


Note : The above expression may also be written as 


y [LOW + h Wa)" + Ls WY + i 
i I ds Ply 4. 
See Example 27.6. 


27.14 Reliability of a Bearing 

We have already discussed in the previous article that the rating life is the life that 90 per cent of 
a group of identical bearings will complete or exceed before the first evidence of fatigue develops. 
The reliability (R) is defined as the ratio of the number of bearings which have successfully completed 
L million revolutions to the total number of bearings under test. Sometimes, it becomes necessary to 
select a bearing having a reliability of more than 90%. According to Wiebull, the relation between the 
bearing life and the reliability is given as 


b 1/b 
lo = = E Or = log, ES (i) 
Se | R a a R 


where L is the life of the bearing corresponding to the desired reliability R and a and b are constants 
whose values are 


a = 6.84, and b= 1.17 
If Log is the life of a bearing corresponding to a reliability of 90% (i.e. Rop), then 


1 1/b 
E - fios. eal Gi) 


Dividing equation (i) by equation (ii), we have 


L E (A/R) 
Ly ~ | log, (1/ R) 


This expression is used for selecting the bearing when the reliability is other than 90%. 
Note : If there are n number of bearings in the system each having the same reliability R, then the reliability of 
the complete system will be 
R =R, 
where R, indicates the probability of one out of p number of bearings failing during its life time. 


1/b 
| = *6.85 [log, (1/R)] 7 (v b2117) 


* [log, (1 / Ry]"^ = [log, (1/0.90)] 7 = (0.10536)9557 = 0.146 


L  [lg,0/R)]^ 


iy 0146 7685 loge a/R 
0 a 
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Example 27.1. A shaft rotating at constant speed is subjected to variable load. The bearings 
supporting the shaft are subjected to stationary equivalent radial load of 3 kN for 10 per cent of time, 
2 KN for 20 per cent of time, I kN for 30 per cent of time and no load for remaining time of cycle. If 
the total life expected for the bearing is 20 x 10° revolutions at 95 per cent reliability, calculate 
dynamic load rating of the ball bearing. 

Solution. Given: W, = 3 KN; n 20.1n;W,-22kN;n,202n;W,-2lkN;n-03n; 
W,=0;n,=(1-0.1-0.2-0.3)n=0.4n; Ly, = 20 x 106 rev 


Let L,, = Life of the bearing corresponding to reliability of 90 per cent, 
Ly; = Life of the bearing corresponding to reliability of 95 per cent 
= 20 x 10° revolutions ... (Given) 
We know that 


1/b 1/1.17 
l 1/ l 1/0.95 
Is | og, ( e _ | og, ( J sv b2147) 


Lo ~ | log, (1/ Roo) log, (1/0.90) 
_ (0.0513 0.8547 -— 
-io104)  -95 
Lo) = Los / 0.54 = 20 x 106/ 0.54 = 37 x 106 rev 
We know that equivalent radial load, 


E (WD? + m (W2)? + n (Wy)? + ns)" 


n +m +m +m 


3 3 3 3 1/3 
O.1nx3 -02nx2Z -03nxY -*04nx0 
= 0.1 n + 0.2n + 0.3n + 0.4n 


= (2.7 + 1.6 + 0.3 + 0)! = 1.663 kN 
We also know that dynamic load rating, 


1/k 6 1/3 
Ex 37 x 10 
C=W = 1.663 10° = 5.54 kN Ans. 


(0s k=3, for ball bearing) 

Example 27.2. The rolling contact ball 
bearing are to be selected to support the 
overhung countershaft. The shaft speed is 
720 rp.m. The bearings are to have 99% — gait bearings in 
reliability corresponding to a life of 24 000 — 4 race Oil 
hours. The bearing is subjected to an 
equivalent radial load of 1 kN. Consider life 
adjustment factors for operating condition 
and material as 0.9 and 0.85 respectively. 
Find the basic dynamic load rating of the 
bearing from manufacturer's catalogue, 
specified at 90% reliability. 


Solution. Given : N = 720 rp.m. ; 
Lj = 24 000 hours ; W= 1 kN 


Another view of ball-bearings 
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We know that life of the bearing corresponding to 99% reliability, 
Lo, = 60 N. Ly = 60 x 720 x 24 000 = 1036.8 x 10° rev 
Let Log = Life of the bearing corresponding to 90% reliability. 


Considering life adjustment factors for operating condition and material as 0.9 and 0.85 
respectively, we have 


Lo [log (1/ Rog) |” log, (1/0.99) 
Lo deg Amo) (095099 =| Tog, 070.9) 


0.01005 
~ | 0.1054 
Loo = Lo9/ 0.1026 = 1036.8 x 10°/ 0.1026 = 10 105 x 10° rev 
We know that dynamic load rating, 
Vk 
2) 
P E 
EIE 
E 
— se | KN 


1/17 
| x 0.9 x 0.85 


0.8547 
| x 0.9 x 0.85 = 0.1026 


10 
(0s k= 3, for ball bearing) 
= 21.62 kN Ans. 


27.15 Selection of Radial Ball 
Bearings 

In order to select a most suitable ball 
bearing, first of all, the basic dynamic radial 
load is calculated. It is then multiplied by the 
service factor (K,) to get the design basic 
dynamic radial load capacity. The service 
factor for the ball bearings is shown in the 


Radial ball bearings 


following table. 
Table 27.5. Values of service factor (K.). 
S.No. Type of service Service factor (K) for radial 
ball bearings 
1. Uniform and steady load 1.0 
2; Light shock load 1.5 
3h Moderate shock load 2.0 
4. Heavy shock load DES 
5 Extreme shock load 3.0 


After finding the design basic dynamic radial load capacity, the selection of bearing is made 
from the catalogue of a manufacturer. The following table shows the basic static and dynamic capacities 
for various types of ball bearings. 
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Table 27.6. Basic static and dynamic capacities of various types of radial ball 


bearings. 
Bearing Basic capacities in kN 
No. 
Single row deep Single row angular Double row angular Self-aligning 

groove ball bearing contact ball bearing contact ball bearing ball bearing 

Static Dynamic Static Dynamic Static Dynamic Static | Dynamic 

(Co?) (C) (Co) (C) (Co) (C) (Co) (C) 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
200 2.24 4 — — 4.55 Wa 1.80 5.70 
300 3.60 6.3 — — — — — — 
201 3 5.4 — — 5.6 8.3 2.0 5.85 
301 4.3 7.65 — — — — 3.0 9.15 
202 3:55 6.10 S5 6.30 5.6 8.3 2.16 6 
302 5.20 8.80 — — OS) 14 3:35 O3) 
203 4.4 ES 4.75 7.8 8.15 11.6 2.8 7.65 
303 6.3 10.6 T2 11.6 12.9 193 4.15 11.2 
403 11 18 — — — — — — 
204 6.55 10 6.55 10.4 11 16 39) 9.8 
304 TOS 25 8.3 ISiT 14 193 55 14 
404 15.6 24 — — — = = = 
205 Well 11 7.8 11.6 13.7 [16/59 4.25 9.8 
305 10.4 16.6 S 19.3 20 26.5 7.65 19 
405 19 28 — — — — — — 
206 10 15.3 11.2 16 20.4 25 5.6 12 
306 14.6 22 17 24.5 DIS BSD 10.2 24.5 
406 DO 595 — — = = = = 
207 35 7/ 20 15.3 22122 28 34 8 17 
307 17.6 26 20.4 28.5 36 45 15972 30.5 
407 30.5 43 — — — — — — 
208 16 DOS Ilio 25 325 39) ONIS 17.6 
308 2) 3 259 Bo 45.5 55 16 9515 
408 SIS 50 — — — — — — 
209 1182) 255 21.6 28 IMS 41.5 10.2 18 
309 30 41.5 34 45.5 56 67 19.6 42.5 
409 44 60 — — — — — — 
210 221.2) Piles 23.6 29 43 47.5 10.8 18 
310 9525 48 40.5 S9 (BES 81.5 24 50 
410 50 68 — — — — — — 
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(1) (2) (3) (4) (5) (6) (7) (8) (9) 
211 26 34 30 36.5 49 53 12 79 0208 
31 42.5 56 41.5 62 80 88 25 | 35 
411 60 78 e = = = = — 
2i? 32 40.5 36.5 44 63 65.5 16 26.5 
312 48 64 55 2] 96.5 102 33.5 68 
412 67 85 = = = = = = 
213 35.5 44 43 50 69.5 69.5 20.4 34 
313 55 22 63 80 112 118 39 75 
413 76.5 93 = = = = = = 
214 39 48 47.5 54 7 69.5 n6 345 
314 63 81.5 73.5 90 129 137 45 85 
414 102 112 = = = = = = 
215 42.5 52 50 56 80 76.5 224 | 345 
315 72 90 81.5 98 140 143 52 95 
415 110 120 = = - = = - 
216 45.5 57 57 63 96.5 93 25 38 
316 80 96.5 91.5 106 160 163 58.5 106 
416 120 127 = = = - = - 
217 55 65.5 65.5 71 100 106 30 45.5 
317 88 104 102 114 180 180 62 110 
417 132 134 - - = = = = 
218 63 75 76.5 83 127 118 36 55 
318 98 112 114 122 = 5 69.5 118 
418 146 146 = = = = = = 
219 72 85 88 95 150 137 43 65.5 
319 112 120 125 132 = = - = 
220 81.5 96.5 93 102 160 146 51 76.5 
320 132 137 153 150 = = = = 
221 93 104 104 110 = = 56 85 
321 143 143 166 160 = = = = 
222 104 112 116 120 = = 64 98 
322 166 160 193 176 = = = = 


Note: The reader is advised to consult the manufacturer's catalogue for further and complete details of the 
bearings. 


Example 27.3. Select a single row deep groove ball bearing for a radial load of 4000 N and an 
axial load of 5000 N, operating at a speed of 1600 r.p.m. for an average life of 5 years at 10 hours 
per day. Assume uniform and steady load. 


Solution. Given : W, = 4000 N ; W, = 5000 N ; N= 1600 r.p.m. 
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Since the average life of the bearing is 5 years at 10 hours per day, therefore life of the bearing 
in hours, 


Ly = 5 x 300 x 10 = 15 000 hours ... (Assuming 300 working days per year) 
and life of the bearing in revolutions, 
L = 60 N x Ly = 60 x 1600 x 15 000 = 1440 x 10° rev 
We know that the basic dynamic equivalent radial load, 
W = X.V.W,- Y. W, ... (I) 
In order to determine the radial load factor (X) and axial load factor (Y), we require W,/ W, and 
W,/ C,. Since the value of basic static load capacity (C) is not known, therefore let us take 


W,/ C)=0.5. Now from Table 27.4, we find that the values of X and Y corresponding to W, / C, 
= 0.5 and W,/W, = 5000 / 4000 = 1.25 (which is greater than e = 0.44) are 


X =0.56 and Y2l 


Since the rotational factor (V) for most of the bearings is 1, therefore basic dynamic equivalent 
radial load, 


W = 0.56 x 1 x 4000 + 1 x 5000 = 7240 N 


From Table 27.5, we find that for uniform and steady load, the service factor (Ky) for ball 
bearings is 1. Therefore the bearing should be selected for W = 7240 N. 


We know that basic dynamic load rating, 


uk EXE 
=W | io 10° ~ 


= 81.76 kN a (k= 3, for ball bearings) 
From Table 27.6, let us select the bearing No. 315 which has the following basic capacities, 
C, = 72kN 272000 N and C=90 kN = 90 000 N 
Now W,/ Cy = 5000/72 000 = 0.07 
-. From Table 27.4, the values of X and Y are 
X =0.56 and Y=1.6 
Substituting these values in equation (i), we have dynamic equivalent load, 
W = 0.56 x 1 x 4000 + 1.6 x 5000 = 10 240 N 
.. Basic dynamic load rating, 


1440 x 10° 
10° 
From Table 27.6, the bearing number 319 having C = 120 KN, may be selected. Ans. 


Example 27.4. A single row angular contact ball bearing number 310 is used for an axial flow 
compressor. The bearing is to carry a radial load of 2500 N and an axial or thrust load of 1500 N. 
Assuming light shock load, determine the rating life of the bearing. 


Solution. Given : W} = 2500 N ; W, = 1500 N 


From Table 27.4, we find that for single row angular contact ball bearing, the values of radial 
factor (X) and thrust factor (Y ) for W, / Wg = 1500 / 2500 = 0.6 are 


X=1 and Y=0 
Since the rotational factor (V ) for most of the bearings is 1, therefore dynamic equivalent load, 
W=XV.W,+ Y.W, = 1 x 1 x 2500 +0 x 1500 = 2500 N 


1/3 
C= 10240 [ | = 115 635 N = 115.635 kN 
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From Table 27.5, we find that for light shock load, the service factor (Kg) is 1.5. Therefore the 
design dynamic equivalent load should be taken as 


W = 2500 x 1.5 = 3750 N 


From Table 27.6, we find that for a single row angular contact ball bearing number 310, the 
basic dynamic capacity, 


C = 53 kN = 53 000 N 


We know that rating life of the bearing in revolutions, 


k 3 
C 53 000 
ae ($) x 10° a| ) x10° =2823 x 106 rev Ans. 


W 3750 
Cs k= 3, for ball bearings) 


Example 27.5. Design a self-aligning ball bearing for a radial load of 7000 N and a thrust 
load of 2100 N. The desired life of the bearing is 160 millions of revolutions at 300 r.p.m. Assume 
uniform and steady load, 


Solution. Given : W, = 7000 N ; W, =2100N ; L = 160 x 10° rev ; N= 300 r.p.m. 


From Table 27.4, we find that for a self-aligning ball bearing, the values of radial factor (X ) and 
thrust factor (Y) for W, / Wg = 2100 / 7000 = 0.3, are as follows : 


X =0.65 and Y=3.5 
Since the rotational factor (V ) for most of the bearings is 1, therefore dynamic equivalent load, 
W=X.VW, + YW, =0.65 x 1 x 7000 + 3.5 x 2100 = 11 900 N 


From Table 27.5, we find that for uniform and steady load, the service factor K, for ball bearings 
is 1. Therefore the bearing should be selected for W= 11 900 N. 


We know that the basic dynamic load rating, 


Vk 6 NI/3 
L 160 x 10 
C-W i = 11900 — 19$ |] 764600N-646kN 


Cs k= 3, for ball bearings) 
From Table 27.6, let us select bearing number 219 having C = 65.5 kN Ans. 


Example 27.6. Select a single row deep groove ball bearing with the operating cycle listed 
below, which will have a life of 15 000 hours. 


Fraction of Type of load Radial Thrust Speed Service factor 
cycle (N) (N) (R.P.M.) 
1/10 Heavy shocks 2000 1200 400 3.0 
1/10 Light shocks 1500 1000 500 IS 
1/5 Moderate shocks 1000 1500 600 240) 
3/5 No shock 1200 2000 800 1.0 


Assume radial and axial load factors to be 1.0 and 1.5 respectively and inner race rotates. 

Solution. Given : L,,= 15 000 hours ; W,, 22000N ; W,, 21200N ; N, 2400 rp.m. ; K,,-3 ; 
Wy, = 1500 N ; W,, = 1000 N ; N, = 500 rp.m. ; Ko = 1.5; Wp, = 1000 N; W,, = 1500 N; 
N, = 600 rp.m. ; K(,22; W,,21200N ; W,, 22000N ; N, = 800 r.p.m. ; K,,21;X21;Yz- 1.5 
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2. The error in cutting teeth may cause vibrations and noise during operation. 


3. Itrequires suitable lubricant and reliable method of applying it, for the proper operation of 
gear drives. 


28.4 Classification of Gears 
The gears or toothed wheels may be classified as follows : 


1. According to the position of axes of the shafts. The axes of the two shafts between which 
the motion is to be transmitted, may be 

(a) Parallel, (b) Intersecting, and (c) Non-intersecting and non-parallel. 

The two parallel and co-planar shafts connected by the gears is shown in Fig. 28.2. These gears 
are called spur gears and the arrangement is known as spur gearing. These gears have teeth parallel 
to the axis of the wheel as shown in Fig. 28.2. Another name given to the spur gearing is helical 
gearing, in which the teeth are inclined to the axis. The single and double helical gears connecting 
parallel shafts are shown in Fig. 28.3 (a) and (b) respectively. The object of the double helical gear is 
to balance out the end thrusts that are induced in single helical gears when transmitting load. The 
double helical gears are known as herringbone gears. A pair of spur gears are kinematically equivalent 
to a pair of cylindrical discs, keyed to a parallel shaft having line contact. 

The two non-parallel or intersecting, but coplaner shafts connected by gears is shown in 
Fig. 28.3 (c). These gears are called bevel gears and the arrangement is known as bevel gearing. 
The bevel gears, like spur gears may also have their teeth inclined to the face of the bevel, in 
which case they are known as helical bevel gears. 


- ‘L Line of 


contact 


(a) Single helical (b) Double helical (c) Bevel gear. (d) Spiral gear. 
gear. gear. 


Fig. 28.3 


The two non-intersecting and non-parallel i.e. non-coplanar shafts connected by gears is shown 
in Fig. 28.3 (d). These gears are called skew bevel gears or spiral gears and the arrangement is 
known as skew bevel gearing or spiral gearing. This type of gearing also have a line contact, the 
rotation of which about the axes generates the two pitch surfaces known as hyperboloids. 


Notes : (i) When equal bevel gears (having equal teeth) connect two shafts whose axes are mutually perpendicu- 
lar, then the bevel gears are known as mitres. 


(ii) A hyperboloid is the solid formed by revolving a straight line about an axis (not in the same plane), 
such that every point on the line remains at a constant distance from the axis. 


(iii) The worm gearing is essentially a form of spiral gearing in which the shafts are usually at right angles. 

2. According to the peripheral velocity of the gears. The gears, according to the peripheral 
velocity of the gears, may be classified as : 

(a) Low velocity, (b) Medium velocity, and (c) High velocity. 
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The gears having velocity less than 3 m/s are termed as low velocity gears and gears having 
velocity between 3 and 15 m/s are known as medium velocity gears. If the velocity of gears is more 
than 15 m/s, then these are called high speed gears. 

3. According to the type of gearing. The gears, according to the type of gearing, may be 
classified as : 

(a) External gearing, (5) Internal gearing, and (c) Rack and pinion. 


(a) External gearing. (b) Internal gearing. 
Fig. 28.4 


In external gearing, the gears of the two shafts mesh externally with each other as shown in 
Fig. 28.4 (a). The larger of these two wheels is called spur wheel or gear and the smaller wheel is 
called pinion. In an external gearing, the motion of the two wheels is always unlike, as shown in 
Fig. 28.4 (a). 

In internal gearing, the gears of the two shafts mesh internally with each other as shown in Fig. 
28.4 (b). The larger of these two wheels is called annular wheel and the smaller wheel is called 
pinion. In an internal gearing, the motion of the wheels is always like as shown in Fig. 28.4 (b). 


Sometimes, the gear of a shaft meshes externally and 
internally with the gears in a *straight line, as shown in Fig. 
28.5. Such a type of gear is called rack and pinion. The 
straight line gear is called rack and the circular wheel is 
called pinion. A little consideration will show that with the 
help of a rack and pinion, we can convert linear motion into 
rotary motion and vice-versa as shown in Fig. 28.5. 

4. According to the position of teeth on the gear 
surface. The teeth on the gear surface may be 

(a) Straight, (b) Inclined, and (c) Curved. 

We have discussed earlier that the spur gears have 
straight teeth whereas helical gears have their teeth inclined 
to the wheel rim. In case of spiral gears, the teeth are curved Fig. 28.5. Rack and pinion. 
over the rim surface. 


28.5 Terms used in Gears 

The following terms, which will be mostly used in this chapter, should be clearly understood at 
this stage. These terms are illustrated in Fig. 28.6. 

1. Pitch circle. It is an imaginary circle which by pure rolling action, would give the same 
motion as the actual gear. 


* A straight line may also be defined as a wheel of infinite radius. 
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2. Pitch circle diameter. It is the diameter of the pitch circle. The size of the gear is usually 
specified by the pitch circle diameter. It is also called as pitch diameter. 


3. Pitch point. It is a common point of contact between two pitch circles. 


4. Pitch surface. It is the surface of the rolling discs which the meshing gears have replaced at 
the pitch circle. 


5. Pressure angle or angle of obliquity. It is the angle between the common normal to two gear 
teeth at the point of contact and the common tangent at the pitch point. It is usually denoted by $. The 
standard pressure angles are 14/7? and 20°. 

6. Addendum. It is the radial distance of a tooth from the pitch circle to the top of the tooth. 

7. Dedendum. It is the radial distance of a tooth from the pitch circle to the bottom of the tooth. 

8. Addendum circle. It is the circle drawn through the top of the teeth and is concentric with the 
pitch circle. 

9. Dedendum circle. It is the circle drawn through the bottom of the teeth. It is also called root 
circle. 

Note : Root circle diameter = Pitch circle diameter x cos $, where 6 is the pressure angle. 

10. Circular pitch. It is the distance measured on the circumference of the pitch circle from 
a point of one tooth to the corresponding point on the next tooth. It is usually denoted by p. 
Mathematically, 

T DIT 
Diameter of the pitch circle, and 
T = Number of teeth on the wheel. 


Circular pitch, p, 
where D 


A little consideration will show that the two gears will mesh together correctly, if the two wheels 
have the same circular pitch. 


Note : If D, and D, are the diameters of the two meshing gears having the teeth T, and T, respectively; then for 
them to mesh correctly, 


Addendum circle 
Top land 


Addendum Pitch surface element 


Dedendum 
Working depth 


Total depth Tooth thickness 


Clearance 


Clearance or working 


i Root or dedendum circle 
depth circle 


Fig. 28.6. Terms used in gears. 


1026 = A Textbook of Machine Design 


Spur gears 


11. Diametral pitch. It is the ratio of number of teeth to the pitch circle diameter in millimetres. 
It denoted by p}. Mathematically, 


. : T mn se. RD 
Diametral pitch, p, = D. a a" Pea 
where T = Number of teeth, and 


D = Pitch circle diameter. 
12. Module. Itis the ratio of the pitch circle diameter in millimetres to the number of teeth. It is 
usually denoted by m. Mathematically, 
Module, m = D/T 


Note : The recommended series of modules in Indian Standard are 1, 1.25, 1.5, 2, 2.5, 3, 4, 5, 6, 8, 10, 12, 16, 
20, 25, 32, 40 and 50. 


The modules 1.125, 1.375, 1.75, 2.25, 2.75, 3.5, 4.5,5.5, 7, 9, 11, 14, 18, 22, 28, 36 and 45 are of second 
choice. 


13. Clearance. It is the radial distance from the top of the tooth to the bottom of the tooth, in a 
meshing gear. A circle passing through the top of the meshing gear is known as clearance circle. 


14. Total depth. It is the radial distance between the addendum and the dedendum circle of a 
gear. It is equal to the sum of the addendum and dedendum. 


15. Working depth. It is radial distance from the addendum circle to the clearance circle. It is 
equal to the sum of the addendum of the two meshing gears. 


16. Tooth thickness. It is the width of the tooth measured along the pitch circle. 


17. Tooth space. It is the width of space between the two adjacent teeth measured along the 
pitch circle. 


18. Backlash. It is the difference between the tooth space and the tooth thickness, as measured 
on the pitch circle. 
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19. Face of the tooth. It is surface of the tooth above the pitch surface. 

20. Top land. It is the surface of the top of the tooth. 

21. Flank of the tooth. It is the surface of the tooth below the pitch surface. 

22. Face width. It is the width of the gear tooth measured parallel to its axis. 

23. Profile. It is the curve formed by the face and flank of the tooth. 

24. Fillet radius. It is the radius that connects the root circle to the profile of the tooth. 

25. Path of contact. It is the path traced by the point of contact of two teeth from the beginning 
to the end of engagement. 

26. Length of the path of contact. It is the length of the common normal cut-off by the addendum 
circles of the wheel and pinion. 

27. Arc of contact. It is the path traced by a point on the pitch circle from the beginning to the 
end of engagement of a given pair of teeth. The arc of contact consists of two parts, i.e. 

(a) Arc of approach. Itis the portion of the path of contact from the beginning of the engagement 
to the pitch point. 

(b) Arc of recess. It is the portion of the path of contact from the pitch point to the end of the 
engagement of a pair of teeth. 


Note : The ratio of the length of arc of contact to the circular pitch is known as contact ratio i.e. number of pairs 
of teeth in contact. 


28.6 Condition for Constant Velocity Ratio of Gears-Law of Gearing 


Consider the portions of the two teeth, one on the wheel 1 (or pinion) and the other on the wheel 
2, as shown by thick line curves in Fig. 28.7. Let the two teeth come in contact at point Q, and the 
wheels rotate in the directions as shown in the figure. 


Let T T bethe common tangent and MN be the common normal to the curves at point of contact 
Q. From the centres O, and O,, draw O,M and O,N perpendicular to MN. A little consideration will 
show that the point Q moves in the direction QC, when considered as a point on wheel 1, and in the 
direction QD when considered as a point on wheel 2. 

Let v, and v, be the velocities of the point Q on the wheels 1 and 2 respectively. If the teeth are 
to remain in contact, then the components of these velocities 
along the common normal MN must be equal. 


ES y, cos a = v, cos B 
or (@ x O,Q) cosa = (@, x O,Q) cos p 
(@, x 0,0) oo = (©, x 0,0) Oo 
@,.0,M = œ, . O,N 
Qj ON r 
or à, - OM (i) 
Also from similar triangles O MP and O,NP, 
ON _ OP ^ 
E ...(üi) 
OM O,P 
Combining equations (i) and (ii), we have 
9 ON OP = 
— = — = — _.. (iii) 


We see that the angular velocity ratio is inversely Fig. 28.7. Law of gearing. 
proportional to the ratio of the distance of P from the centres 
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Oi and O,, or the common normal to the two surfaces at the point of contact Q intersects the line of 
centres at point P which divides the centre distance inversely as the ratio of angular velocities. 


Aircraft landing gear is especially designed to absorb shock and energy when an 
aircraft lands, and then release gradually. 


Therefore, in order to have a constant 
angular velocity ratio for all positions of the 
wheels, P must be the fixed point (called pitch 
point) for the two wheels. In other words, the 
common normal at the point of contact 
between a pair of teeth must always pass 
through the pitch point. This is fundamental 
condition which must be satisfied while 
designing the profiles for the teeth of gear 
wheels. It is also known as law of gearing. 


Notes : 1. The above condition is fulfilled by teeth 
of involute form, provided that the root circles from 
which the profiles are generated are tangential to 
the common normal. 


2. If the shape of one tooth profile is arbitrary 
chosen and another tooth is designed to satisfy the 
above condition, then the second tooth is said to be 
conjugate to the first. The conjugate teeth are not 


Gear trains inside a mechanical watch 


in common use because of difficulty in manufacture and cost of production. 


3. If D, and D, are pitch circle diameters of wheel 1 and 2 having teeth T, and T, respectively, then 


velocity ratio, 


Qj OP D; _ 


o, OP D, 
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28.7 Forms of Teeth 


We have discussed in Art. 28.6 (Note 2) that conjugate teeth are not in common use. Therefore, 
in actual practice, following are the two types of teeth commonly used. 


1. Cycloidal teeth ; and 2. Involute teeth. 


We shall discuss both the above mentioned types of teeth in the following articles. Both these 
forms of teeth satisfy the condition as explained in Art. 28.6. 


28.8 Cycloidal Teeth 


A cycloid is the curve traced by a point on the circumference of a circle which rolls without 
slipping on a fixed straight line. When a circle rolls without slipping on the outside of a fixed circle, 
the curve traced by a point on the circumference of a circle is known as epicycloid. On the other hand, 
if a circle rolls without slipping on the inside of a fixed circle, then the curve traced by a point on the 
circumference of a circle is called hypocycloid. 


^^ Pitch 
circle 


Fig. 28.8. Construction of cycloidal teeth of a gear. 


In Fig. 28.8 (a), the fixed line or pitch line of a rack is shown. When the circle C rolls without 
slipping above the pitch line in the direction as indicated in Fig. 28.8 (a), then the point P on the circle 
traces the epicycloid PA. This represents the face of the cycloidal tooth profile. When the circle D 
rolls without slipping below the pitch line, then the point P on the circle D traces hypocycloid PB 
which represents the flank of the cycloidal tooth. The profile BPA is one side of the cycloidal rack 
tooth. Similarly, the two curves P'A'and P' B'forming the opposite side of the tooth profile are traced 
by the point P' when the circles C and D roll in the opposite directions. 


In the similar way, the cycloidal teeth of a gear may be constructed as shown in Fig. 28.8 (5). 
The circle C is rolled without slipping on the outside of the pitch circle and the point P on the circle 
C traces epicycloid PA, which represents the face of the cycloidal tooth. The circle D is rolled on the 
inside of pitch circle and the point P on the circle D traces hypocycloid PB, which represents the flank 
of the tooth profile. The profile BPA is one side of the cycloidal tooth. The opposite side of the tooth 
is traced as explained above. 


The construction of the two mating cycloidal teeth is shown in Fig. 28.9. A point on the circle D 
will trace the flank of the tooth 7, when circle D rolls without slipping on the inside of pitch circle of 
wheel 1 and face of tooth T, when the circle D rolls without slipping on the outside of pitch circle of 
wheel 2. Similarly, a point on the circle C will trace the face of tooth T, and flank of tooth T,. The 
rolling circles C and D may have unequal diameters, but if several wheels are to be interchangeable, 
they must have rolling circles of equal diameters. 
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Fig. 28.9. Construction of two mating cycloidal teeth. 


A little consideration will show that the common normal 
XX at the point of contact between two cycloidal teeth always 
passes through the pitch point, which is the fundamental con- 
dition for a constant velocity ratio. 


28.9 Involute Teeth 


An involute of a circle is a plane curve generated by a 
point on a tangent, which rolls on the circle without slipping 
or by a point on a taut string which is unwrapped from a reel 
as shown in Fig. 28.10 (a). In connection with toothed wheels, 
the circle is known as base circle. The involute is traced as 
follows : 

Let A be the starting point of the involute. The base circle 
is divided into equal number of parts e.g. AP,, P, Pa, P, P, 
etc. The tangents at P}, P», P, etc., are drawn and the lenghts 
P A, P,A,, PA, equal to the arcs AP,, AP, and AP, are set 
off. Joining the points A, A,,A,, A, etc., we obtain the involute 
curve AR. A little consideration will show that at any instant 
A,, the tangent A;T to the involute is perpendicular to P,A, and 
PA, is the normal to the involute. In other words, normal at 
any point of an involute is a tangent to the circle. 


Now, let O, and O, be the fixed centres of the two base 
circles as shown in Fig. 28.10(b). Let the corresponding 
involutes AB and A'B'be in contact at point Q. MQ and NQ are 
normals to the involute at Q and are tangents to base circles. 
Since the normal for an involute at a given point is the tangent 
drawn from that point to the base circle, therefore the common 
normal MN at Q is also the common tangent to the two base 
circles. We see that the common normal MN intersects the line 
of centres O,O, at the fixed point P (called pitch point). 
Therefore the involute teeth satisfy the fundamental condition 
of constant velocity ratio. 


The clock built by Galelio 


used gears. 
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From similar triangles 0O, NP and Oi MP, 
OM _ OP _ 


= „(i 
ON OP o G) 
which determines the ratio of the radii of the two base circles. The radii of the base circles is given by 
O,M -O,Pcosó, and O,N- O,P cos > 


where 6 is the pressure angle or the angle of obliquity. 


Also the centre distance between the base circles 
OM " ON _ OM * ON 
cos coso cos à 


= O,P + OoP = 


Base 
R * a circle 
T T Ny 
I 


Base circle / B 
ase 
l 9 circle 
(a) (b) 


Fig. 28.10. Construction of involute teeth. 

A little consideration will show, that if the centre distance is changed, then the radii of pitch 
circles also changes. But their ratio remains unchanged, because it is equal to the ratio of the two radii 
of the base circles [See equation (7)]. The common normal, at the point of contact, still passes through 
the pitch point. As a result of this, the wheel continues to work correctly *. However, the pressure 
angle increases with the increase in centre distance. 


28.10 Comparison Between Involute and Cycloidal Gears 


In actual practice, the involute gears are more commonly used as compared to cycloidal gears, 
due to the following advantages : 
Advantages of involute gears 

Following are the advantages of involute gears : 

1. The most important advantage of the involute gears is that the centre distance for a pair of 
involute gears can be varied within limits without changing the velocity ratio. This is not true for 
cycloidal gears which requires exact centre distance to be maintained. 

2. [n involute gears, the pressure angle, from the start of the engagement of teeth to the end of 
the engagement, remains constant. It is necessary for smooth running and less wear of gears. But in 
cycloidal gears, the pressure angle is maximum at the beginning of engagement, reduces to zero at 
pitch point, starts increasing and again becomes maximum at the end of engagement. This results in 
less smooth running of gears. 

3. The face and flank of involute teeth are generated by a single curve whereas in cycloidal 
gears, double curves (i.e. epicycloid and hypocycloid) are required for the face and flank respectively. 


* [tis notthe case with cycloidal teeth. 
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Thus the involute teeth are easy to manufacture than cycloidal teeth. In involute system, the basic rack 
has straight teeth and the same can be cut with simple tools. 


Note : The only disadvantage of the involute teeth is that the interference occurs (Refer Art. 28.13) with pinions 
having smaller number of teeth. This may be avoided by altering the heights of addendum and dedendum of the 
mating teeth or the angle of obliquity of the teeth. 


Advantages of cycloidal gears 
Following are the advantages of cycloidal gears : 


1. Since the cycloidal teeth have wider flanks, therefore the cycloidal gears are stronger than 
the involute gears for the same pitch. Due to this reason, the cycloidal teeth are preferred specially for 
cast teeth. 


2. In cycloidal gears, the contact takes place between a convex flank and concave surface, 
whereas in involute gears, the convex surfaces are in contact. This condition results in less wear in 
cycloidal gears as compared to involute gears. However the difference in wear is negligible. 


3. In cycloidal gears, the interference does not occur at all. Though there are advantages of 
cycloidal gears but they are outweighed by the greater simplicity and flexibility of the involute gears. 


28.11 Systems of Gear Teeth 


The following four systems of gear teeth are commonly used in practice. 


1. 14179 Composite system, 2. 14'/,° Full depth involute system, 3. 20° Full depth involute 
system, and 4. 20° Stub involute system. 

The ja? composite system is used for general purpose gears. It is stronger but has no inter- 
changeability. The tooth profile of this system has cycloidal curves at the top and bottom and involute 
curve at the middle portion. The teeth are produced by formed milling cutters or hobs. The tooth 
profile of the j4 5e full depth involute system was developed for use with gear hobs for spur and 
helical gears. 

The tooth profile of the 20° full depth involute system may be cut by hobs. The increase of the 
pressure angle from 1417, to 20° results in a stronger tooth, because the tooth acting as a beam is 
wider at the base. The 20° stub involute system has a strong tooth to take heavy loads. 


28.12 Standard Proportions of Gear Systems 


The following table shows the standard proportions in module (m) for the four gear systems as 
discussed in the previous article. 


Table 28.1. Standard proportions of gear systems. 


S. No. | Particulars 145 composite or full 20? full depth 20? stub involute 

depth involute system involute system system 
l. Addendum lm lm 0.8 m 
2 Dedendum 1.25 m WS) i lm 
3 Working depth 2m 2m 1.60 m 
4. Minimum total depth 2.25 m 2.25 m 1.80 m 
5 Tooth thickness 1.5708 m 1.5708 m 1.5708 m 
6 Minimum clearance 0.25 m 0.25 m 0.2 m 
7 Fillet radius at root 0.4 m 0.4 m 0.4 m 
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28.13 Interference in Involute Gears 


A pinion gearing with a wheel is shown in Fig. 
28.11. MN is the common tangent to the base circles 
and KL is the path of contact between the two mating 
teeth. A little consideration will show, that if the radius 
of the addendum circle of pinion is increased to OLN, 
the point of contact L will move from L to N. When 
this radius is further increased, the point of contact L 
will be on the inside of base circle of wheel and not 
on the involute profile of tooth on wheel. The tip of 
tooth on the pinion will then undercut the tooth on the 
wheel at the root and remove part of the involute 
profile of tooth on the wheel. This effect is known as 
interference and occurs when the teeth are being cut. 
In brief, the phenomenon when the tip of a tooth 
undercuts the root on its mating gear is known as 1 
interference. A arilling machine drilling holes for lamp 

retaining screws 


Base circle 
Pitch circle 
Actual addendum circle 


Max. addendum circle 


Max. addendum circle 


Actual addendum circle 


Pitch circle 


Base circle 


Fig. 28.11. Interference in involute gears. 

Similarly, if the radius of the addendum circle of the wheel increases beyond O,M, then the tip 
of tooth on wheel will cause interference with the tooth on pinion. The points M and N are called 
interference points. Obviously interference may be avoided if the path of contact does not extend 
beyond interference points. The limiting value of the radius of the addendum circle of the pinion is 
O,N and of the wheel is O,M. 

From the above discussion, we conclude that the interference may only be avoided, if the point 
of contact between the two teeth is always on the involute profiles of both the teeth. In other words, 
interference may only be prevented, if the addendum circles of the two mating gears cut the common 


tangent to the base circles between the points of tangency. 
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Note : In order to avoid interference, the limiting value of the radius of the addendum circle of the pinion (O, N) 
and of the wheel (O, M), may be obtained as follows : 


From Fig. 28.11, we see that 


ON = (0M)? + (MN. = Jay. + [C + R) sino? 
where r, = Radius of base circle of the pinion = O,P cos 6 = r cos $ 
Similarly O,M = (ON)? + (MN)? = (R)? + [(r + R) sino? 
where R, = Radius of base circle of the wheel = O,P cos ọ = R cos $ 


28.14 Minimum Number of Teeth on the Pinion in Order to Avoid 
Interference 
We have seen in the previous article that the interference may only be avoided, if the point of 
contact between the two teeth is always on the involute profiles of both the teeth. The minimum 
number of teeth on the pinion which will mesh with any gear (also rack) without interference are 
given in the following table. 


Table 28.2. Minimum number of teeth on the pinion in order to avoid interference. 


S. No. Systems of gear teeth Minimum number of teeth on the pinion 
1. 1442 Composite 12 
2. 14 Full depth involute 32 
3h 20° Full depth involute 18 
4. 20° Stub involute 14 


The number of teeth on the pinion (T,) in order to avoid interference may be obtained from the 
following relation : 


2A 
na x 
1/1 2 
G VETEN 2) sin 9-1 
G\G 
where Aw = Fraction by which the standard addendum for the wheel should be 


multiplied, 
G = Gear ratio or velocity ratio = T,,/ Ty = Dg/ Dp, 
b = Pressure angle or angle of obliquity. 


28.15 Gear Materials 


The material used for the manufacture of gears depends upon the strength and service conditions 
like wear, noise etc. The gears may be manufactured from metallic or non-metallic materials. The 
metallic gears with cut teeth are commercially obtainable in cast iron, steel and bronze. The non- 
metallic materials like wood, rawhide, compressed paper and synthetic resins like nylon are used for 
gears, especially for reducing noise. 

The cast iron is widely used for the manufacture of gears due to its good wearing properties, 
excellent machinability and ease of producing complicated shapes by casting method. The cast iron 
gears with cut teeth may be employed, where smooth action is not important. 


The steel is used for high strength gears and steel may be plain carbon steel or alloy steel. 
The steel gears are usually heat treated in order to combine properly the toughness and tooth 
hardness. 
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The phosphor bronze is widely used for worm gears in order to reduce wear of the worms which 
will be excessive with cast iron or steel. The following table shows the properties of commonly used 


gear materials. 


Table 28.3. Properties of commonly used gear materials. 


Material Condition Brinell hardness Minimum tensile 
number strength (N/mm?) 
(1) (2) (3) (4) 

Malleable cast iron 

(a) White heart castings, Grade B — 217 max. 280 

(b) Black heart castings, Grade B — 149 max. 320 

Cast iron 

(a) Grade 20 As cast 179 min. 200 

(b) Grade 25 As cast 197 min. 250 

(c) Grade 35 As cast 207 min. 250 

(d) Grade 35 Heat treated 300 min. 350 

Cast steel — 145 550 

Carbon steel 

(a) 0.396 carbon Normalised 143 500 

(b) 0.3% carbon Hardened and 152 600 
tempered 

(c) 0.4% carbon Normalised 152 580 

(d) 0.4% carbon Hardened and 179 600 
tempered 

(e) 0.35% carbon Normalised 201 720 

(f) 0.5596 carbon Hardened and 229 700 
tempered 

Carbon chromium steel 

(a) 0.4% carbon Hardened and 229 800 
tempered 

(b) 0.55% carbon jj 225 900 

Carbon manganese steel 

(a) 0.27% carbon Hardened and 170 600 
tempered 

(b) 0.37% carbon 201 700 

Manganese molybdenum steel 

(a) 35 Mn 2 Mo 28 Hardened and 201 700 
tempered 

(b) 35 Mn 2 Mo 45 y 229 800 

Chromium molybdenum steel 

(a) 40 Cr 1 Mo28 Hardened and 201 700 
tempered 

(b) 40 Cr 1 Mo 60 2: 248 900 
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(1) (2) (3) (4) 
Nickel steel 
40 Ni 3 2i 229 800 
Nickel chromium steel 
30 Ni4 Cr 1 2 444 1540 
Nickel chromium molybdenum steel Hardness and 
40 Ni 2 Cr 1 Mo 28 tempered 259 900 
Surface hardened steel 
(a) 0.4% carbon steel — 145 (core) Dill 
460 (case) 
(b) 0.55% carbon steel — 200 (core) 708 
520 (case) 
(c) 0.55% carbon chromium steel — 250 (core) 866 
500 (case) 
(d) 1% chromium steel — 500 (case) 708 
(e) 3% nickel steel — 200 (core) 708 
300 (case) 
Case hardened steel 
(a) 0.12 to 0.22% carbon — 650 (case) 504 
(b) 3% nickel — 200 (core) 708 
600 (case) 
(c) 5% nickel steel — 250 (core) 866 
600 (case) 
Phosphor bronze castings Sand cast 60 min. 160 
Chill cast 70 min. 240 
Centrifugal cast 90 260 


28.16 Design Considerations for a Gear Drive 
In the design of a gear drive, the following data is usually given : 
1. The power to be transmitted. 
2. The speed of the driving gear, 
3. The speed of the driven gear or the velocity ratio, and 
4. The centre distance. 
The following requirements must be met in the design of a gear drive : 


(a) The gear teeth should have sufficient strength so that they will not fail under static loading 
or dynamic loading during normal running conditions. 


(b) The gear teeth should have wear characteristics so that their life is satisfactory. 
(c) The use of space and material should be economical. 


(d) The alignment of the gears and deflections of the shafts must be considered because they 
effect on the performance of the gears. 


(e) The lubrication of the gears must be satisfactory. 
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28.17 Beam Strength of Gear Teeth - Lewis Equation 


The beam strength of gear teeth is determined from an equation (known as *Lewis equation) 
and the load carrying ability of the toothed gears as determined by this equation gives satisfactory 
results. In the investigation, Lewis assumed that as the load is being transmitted from one gear to 
another, it is all given and taken by one tooth, because it is not always safe to assume that the load is 
distributed among several teeth. When contact begins, the load is assumed to be at the end of the 
driven teeth and as contact ceases, it is at the end of the driving teeth. This may not be true when the 
number of teeth in a pair of mating gears is large, because the load may be distributed among several 
teeth. But it is almost certain that at some time during the contact of teeth, the proper distribution of 
load does not exist and that one tooth must transmit 
the full load. In any pair of gears having unlike 
number of teeth, the gear which have the fewer Wy 
teeth (i.e. pinion) will be the weaker, because the 
tendency toward undercutting of the teeth becomes Wr 
more pronounced in gears as the number of teeth 
becomes smaller. h 


Tooth profile 
^ E 


Parabola 
Tangent to the 
Consider each tooth as a cantilever beam EN base circle 
loaded by a normal load (Wp) as shown in Fig. 
28.12. It is resolved into two components i.e. 
tangential component (W) and radial component 
(Wy) acting perpendicular and parallel to the centre 
line of the tooth respectively. The tangential component (W.,) induces a bending stress which tends to 
break the tooth. The radial component (W,) induces a compressive stress of relatively small magnitude, 
therefore its effect on the tooth may be neglected. Hence, the bending stress is used as the basis for 
design calculations. The critical section or the section of maximum bending stress may be obtained 
by drawing a parabola through A and tangential to the tooth curves at B and C. This parabola, as 
shown dotted in Fig. 28.12, outlines a beam of uniform strength, i.e. if the teeth are shaped like a 
parabola, it will have the same stress at all the sections. But the tooth is larger than the parabola at 
every section except BC. We therefore, conclude that the section BC is the section of maximum stress 
or the critical section. The maximum value of the bending stress (or the permissible working stress), 
at the section BC is given by 


o, =My/1 NO) 


V 


Fig. 28.12. Tooth of a gear. 


where M = Maximum bending moment at the critical section BC = W} x h, 
W, = Tangential load acting at the tooth, 
h = Length of the tooth, 
y = Half the thickness of the tooth (f) at critical section BC = ¢/2, 
I = Moment of inertia about the centre line of the tooth = b.13/12, 
b = Width of gear face. 
Substituting the values for M, y and / in equation (i), we get 
(Wr xh)t/2 (Wy xh)x6 
9, = 3 = 2 
b.t /12 b.t 
or W, =0,xbx P/6h 
In this expression, ¢ and h are variables depending upon the size of the tooth (i.e. the circular 
pitch) and its profile. 


* [n 1892, Wilfred Lewis investigated for the strength of gear teeth. He derived an equation which is now 


extensively used by industry in determining the size and proportions of the gear. 
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Let t=xx p,,andh=kx p,; where x and k are constants. 
2 3 2 
x^ .p, 
W, = 0, xbx —*=0, xbx p, Xx — 
Gig ce PT E 


Substituting x?/ 6k = y, another constant, we have 
W,-0,.b.p,.y-o,.b.mm.y eo p = Tum) 
The quantity y is known as Lewis form factor or tooth form factor and W, (which is the 


tangential load acting at the tooth) is called the beam strength of the tooth. 


2 2 2 
t Pe 


6k (p * 6h 6h. p, 
quantities t, h and p, may be determined analytically or measured from the drawing similar 
to Fig. 28.12. It may be noted that if the gear is enlarged, the distances t, h and p, will each increase 
proportionately. Therefore the value of y will remain unchanged. A little consideration will show 
that the value of y is independent of the size of the tooth and depends only on the number of teeth 
on a gear and the system of teeth. The value of y in terms of the number of teeth may be expressed 
as follows : 


Since Y= » therefore in order to find the value of y, the 


.684 6 . . 
y = 0.124 - M for 14/5 composite and full depth involute system. 
.912 
= 0.154 - —. for 20° full depth involute system. 
0.841 


0.175 - E for 20? stub system. 


28.18 Permissible Working Stress for Gear Teeth in the Lewis Equation 


The permissible working stress (6, ) in the Lewis equation depends upon the material for which 
an allowable static stress (o,) may be determined. The allowable static stress is the stress at the 


Gear cable 
pulls on 
mechanism 


Sprocket 


Tensioner — 


ldler 
sprocket 


Derailleur mechanism ~~ | 


Going up hill On the level 


Bicycle gear mechanism switches the chain between different sized sprockets at the pedals and on 
the back wheel. Going up hill, a small front and a large rear sprocket are selected to reduce the 
push required for the rider. On the level, a large front and small rear. sprocket are used to prevent the 
rider having to pedal too fast. 
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elastic limit of the material. It is also called the basic stress. In order to account for the dynamic 
effects which become more severe as the pitch line velocity increases, the value of o, is reduced. 
According to the Barth formula, the permissible working stress, 


0,70,xC, 
where o, = Allowable static stress, and 
C, = Velocity factor. 


The values of the velocity factor (C,) are given as follows : 


C, = S , for ordinary cut gears operating at velocities upto 12.5 m/s. 
tv 
4.5 . 2. 
"sy for carefully cut gears operating at velocities upto 12.5 m/s. 
S+v 
6 . 
"Ed for very accurately cut and ground metallic gears 


operating at velocities upto 20 m / s. 


0.75 
0.754 4y. for precision gears cut with high accuracy and 


operating at velocities upto 20 m/s. 


0.75 
| +0.25, for non-metallic gears. 
l+v 


In the above expressions, v is the pitch line velocity in metres per second. 


The following table shows the values of allowable static stresses for the different gear 
materials. 


Table 28.4. Values of allowable static stress. 


Material Allowable static stress (O „) MPa or N/mm? 
Cast iron, ordinary 56 
Cast iron, medium grade 70 
Cast iron, highest grade 105 
Cast steel, untreated 140 
Cast steel, heat treated 196 
Forged carbon steel-case hardened 126 
Forged carbon steel-untreated 140 to 210 
Forged carbon steel-heat treated 210 to 245 
Alloy steel-case hardened 350 
Alloy steel-heat treated 455 to 472 
Phosphor bronze 84 
Non-metallic materials 
Rawhide, fabroil 42 
Bakellite, Micarta, Celoron 56 


Note : The allowable static stress (o,) for steel gears is approximately one-third of the ultimate tensile stregth 
(0,) Le.6,=6,/3. 


